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CHAPTER 1

DIFFERENTIAL CALCULUS

Cette formulation «intrinséque» du Calcul infinitésimal,
parce qu’elle est plus abstraite et surtout parce qu’elle
nécessite 'abandon des espaces de départ et la construction
répétée des nouveaux «espaces fonctionellesy (en
particulier lorsqu’on étudie les dérivées d’ordre supérieure)
demande certainement un effort intellectuel qui contraste
avec la routine machinale des formules classiques. Mais
nous croyons que le résultat en vaut la peine, car il prépare
I’étudiant & ’idée plus générale du Calcul différentiel sur
une variété différentielle...

Eléments d’Analyse, page 149, Tome I.

Jean Dieudonné

We are going to develop differential calculus in the setting of Banach spaces, which are much more

general than the usual Euclidean space R™. This approach, at the obvious cost of demanding the

students to think more abstractly and conceptually than the traditional method of working through

partial derivatives, will prove to be highly elegant and efficient, especially for our later treatment of the

basics of the so-called “global analysis” on a differentiable manifold, which in turn, opens the gate to a
huge chunk of modern mathematics and theoretical physics.

1.1. Review of Normed and Banach Spaces

Let X be a set, and B(X) be the vector space of all bounded functions on X. For each f € B(X),
observe that the number || f|| := sup{|f(z)| | # € X} is finite, and satisfies the property that for all
frg€B(X) and c € R:

@ 1If +gll < IIf1+ Nlgll;

2) llefll = lel- 11115

(3) I/l =0 if and only if f = 0.

The notion of a norm and normed space is a consequence of abstracting the above observation.
Definition 1.1.1. — A norm on a vector space V (not assuming to be finite dimensional) is a map
Il : V"= [0, +o0], such that for all z,y € V and ¢ € R, we have

(1) (the triangle inequality) ||z + y| < [|z]| + ||lyl|;

(2) llexll = fef - Il

(3) ||lz|| = 0 if and only if z = 0.

A normed space is pair (V,||-||) where V is a vector space, and ||| is a norm on it. For ease of use,
we often speak of a normed space V instead of the more cumbersome (V,|-||), omitting the norm ||-||
when it is obvious from context.



Given a normed space V', canonically, there is a metric d on V associated with its norm, namely,
d(z,y) := ||z — y||- One may then apply all the theory of metric spaces on V. The following notion is
particularly important.

Definition 1.1.2. — A normed space V is called a Banach space if it is complete as a metric space.
Ezample 1.1.3. — (Exercise) The normed space B(X) considered above is a Banach space.
Ezxzample 1.1.4. — (Exercise) Let I = [a,b] be a closed interval and k € N. Define a norm ||-|| on
Ck(I) by

k
(1.1.1) £l = Zsup{’f(l)(x)‘ |z e}

1=0

Then (C*(I),|]|) is a Banach space.
Example 1.1.5. — (Exercise) On R", there are uncountably different norms. For example, given
p € [1,00], one defines the p-norm ||-[|,, on R™ as follows: if p € [1, +o00[, then set

(112 (@i, = (Z) ;

whereas
(1.13) |l = sup{lel | 1< <n}.

Under each of these norms, R™ is a Banach space.

It is interesting to note for questions concerning the topology of R™, all of the norms in Example 1.1.5
make no essential difference. The precise formulation for this is given by the notion of equivalent norms.
Definition 1.1.6. — On a vector space V, two norms ||-||; and [|-||, are said to be equivalent, if there
exists ¢, C € ]0, +o0[, such that for all x € V, we have

(L1.4) dllell, < llell, < Cllall,-

Proposition 1.1.7. — The following hold:

(1) FEquivalent norms on the same vector space determine exactly the same open (resp. closed) sets;
(2) On q finite dimensional vector space, all norms are equivalent.

Proof. — Exercise. U
The following corollary shall be important when we treat partial derivatives.

Corollary 1.1.8. — Let Ey, ..., E, be normed spaces, and E = H?Zl E; (direct product of vector

spaces). Denote the norm on E; by ||-||, for each 1 < i < n, and choose any norm « on R™ such that

a(ryy...,rn) < als1,...,8,) whenever 0 <r; <s; for anyi € {1,...,n}, then

(1.15) [zl =zl lzal)

is a well-defined norm on E. Moreover, up to equivalence, the norm ||-||, on E does not depend on the
choice of a; and E is a Banach space if and only if each E; is a Banach space.
Proof. — Exercise. O

Once we have the notion of normed and Banach spaces, the next natural step is to study the “nice
maps” among such spaces. For our current purpose of setting up the stage for doing differential calculus,
the precise meaning of “nice maps” will be the ones that are both linear, i.e. respect the linear structure,
and continuous, i.e. respect the topological structure. Linear maps between normed spaces are often
referred as linear operators.

Now given two normed space E and F, and let L(F, F') denote the space of all linear operators from
E to F, which is still a vector space by setting S+ 7T € L(E,F) and ¢S € L(E,F), for S,T € L(E, F)
and ¢ € R, to be the linear maps that are defined by (S+ Tz = Sx+ Tz and (¢S)x = ¢(Sx). With each



S € L(E, F), one may associate a number [|S||, which can be 400, that measures the size of S:
18| = int{c € 0, +oc] | va € B, |ISz] < cllo] }

— sup{||Sall | lo]| < 1}.

We then have the following result characterizing whether a linear operator is “nice”.
Proposition 1.1.9. — Let E and F' be normed spaces. Then the following hold.

(1.1.6)

(1) A linear operator T € L(E, F) is continuous if and only if | T|| < +oo, in which case we say T is
bounded.

(2) Let L(E,F) denote the subset of L(E, F) consisting of all bounded linear operators. Then L(E,F)
is a subspace of L(E, F), and ||-|| as defined in (1.1.6) is a norm on L(E, F).

(3) If E is not the zero space, then (1.1.6) can be defined equivalently as

(1.1.7) 18] = sup{||SxH ‘ z€E and ||z| = 1} - sup{H”ix ‘ ze E\{O}}.

(4) If E is finite dimensional, then L(E,F) = L(E,F), i.e. every linear operator from E is automati-
cally bounded™") .
(5) If F is a Banach space, then L(E, F) is a Banach space.

Proof. — Exercise. O

Remark 1.1.10. — Conceptually, we can now already observe an advantage of working with normed
spaces, and in particular, with Banach spaces: one may form the mapping space of continuous linear
maps in a natural way, and still retain a natural normed (Banach) space structure. Once we have
chosen a norm on R™ and R™ (with m,n € N), say both with the Euclidean norm ||-|,, if we want
to identify £L(R™,R™) = L(R™,R™) with R™" (say via matrices), then it is not obvious which should
be the “correct” norm on R™", but adopting the normed space point of view, one sees immediately that
the “correct norm” on L£(R™,R™) is exactly the operator norm as defined in (1.1.6) (which is different
from the norm induced by the 2-norm on R™" via the previous identification, unless m = 0 or n = 0).
Granted, for finite dimensional spaces, this conceptual advantage plays no essential role as all norms will
be equivalent (see Proposition 1.1.9). However, as is usually the case in mathematics, by clearly pointing
out precisely what is essential, conceptual advantage often leads to deeper understanding and clearer
proofs, as will be demonstrated later in these notes.

We now digress a little to introduce a process of transforming a two variable map into a map of a
single variable, which is also known as the currying. For any two sets A, B, we use F(A, B) to denote
the set of all maps from A to B. The currying process is captured in the following result.

Proposition 1.1.11. — Let X, Y and Z be sets. Then there exists a natural® bijection

CI)X,y;Z : ]‘—(X X KZ) — f(Xv]:(Yv, Z))
@Y,
where for each x € X, ¢V (z) is the map sending each y € Y to o(x,y) € Z; and the inverse of ®x y.z
s given by

Uxy,z: F(X,F(Y,Z)) > F(X xY,Z)

¥ PP,
where Y™ (z,y) = [Y(2)]|(y) € Z for each (z,y) € X x Y.
Proof. — That ®x y,z and Vx y,z are inverses of each other can be seen by a careful unwinding of the
definition, hence they are both bijective. O

(D'However, this is no longer true as soon as F becomes infinite dimensional.
(2)For now, one may treat “natural” simply as an adjective. It actually has a precise meaning in a branch of mathematics
called category theory.



The currying will be particularly useful when we consider the second derivative, and we now set up the
preparation in the setting of normed spaces. Let Fy, F5 and F be normed spaces, and use B(E1, Fa; F)
to denote the set of all bilinear maps from F; X E5 to F. With any ¢ € B(F1, Es; F'), similar to (1.1.6),
we may still associate a number ||¢|| (could be +00) that measures the size of ¢, which is given by

s ol = inf{c € [0, +0c] | Va1 € By, Vs € Bz, (@, 2)| < cllaal] - s}
1.1.8
= sup{ [ (@1, 22| |01 € By, @z € By, and o <1, ozl < 1.

Again, we say v is bounded if [|1|| < +o0.
Proposition 1.1.12. — Let Ei, Ey and F be normed spaces, and B(FE1,Es; F) the subset of
B(E1, Es; F) consisting of all bounded bilinear maps. Then the following hold.

(1) A map ¢ € B(E1, E2; F) if and only if it is continuous at 0, which in turn is equivalent to ||| <
+00, i.e. ¢ € B(Ey, Eo; F).

(2) The subset B(E1, Ea; F') is a linear subspace of B(E1, Eo; F), and the map ||-|| defined in (1.1.8) is
a norm on B(Ey, Eq; F).

(3) The currying map ®p, g,.r in Proposition 1.1.11 restricts to a bijection from B(E1, E2; F) onto
,C(El, E(Eg,F)) that is an isometric isomorphism of normed spaces.

(4) If F is a Banach space, so is the normed space B(E1, Eo; F).

This currying process can be generalized for an arbitrary finite number of sets, and the corresponding
result, in the setting of normed (Banach) spaces, will be used ubiquitously in our later systematic
treatment of higher derivatives.

Proposition 1.1.13. — Let X1,...,X,, and Y be sets. The map

Xy P (X)X Xy x oo x X, V) ]—'(Xl,}'(XQ,]-'(Xg, . ,]—'(Xn,Y)))>

yeeey

¢’
is a natural bijection, where for each x1 € X1, p¥(x1) is a map on Xa, and for each o € Xa, ¢ (x1)(z2)
is a map on X3, ..., and finally, for each x, € X,, ¥ (x1)(x2)(x3) - (z,) €Y, which is defined to be

(1.1.9) oV (1) (@) (x3) -+ () = (21, 2, -+ -, Tp).
And the inverse of ®x, . x,.v 15 given by

\I’Xl,...,Xn;Y : I<X17I(X2;f(X37"' 7f(XnaY)))> — ]:(Xl X X2 X X Xnay)

P Ph,
where
(1.1.10) VN1, 1) = V(1) (22) - (T0)-
Remark 1.1.14. — This abstract result is the prototype in the so-called lambda calculus, which is
important in computer science.
Let Fq, Es, ..., E, and F' be normed spaces. We say a map

f:EixFEyx---xE, > F
is multilinear, if for each 1 < ¢ < n, and each fixed v; € E; for j # ¢, the map

571;)7~--7U1'—17Ui1-~~7vn : E'L - F
T; = f(Ul, ey Vi1, T Vit 1y e - - ,Un)
is linear. Let M (En,..., E,; F') denote the space of all multilinear maps from E; X Fy X --- x E,, to F.
With each f € M(E,...,Ey; F), we again associate a number (possibly +00) || f|| to measure the size
of f, namely
7l = inf{c € [0, 4+0o0] ‘ V1<i<nVz, € E;, |f(z1,...,x)| < cl|za] - ||:vn||}

(1.1.11
= sup{||f(x1,...,xn)|| ’Vl <i<n, x; € E and | < 1}.



Again, we say that f is bounded if || f]| < +oc.

We now have the following generalization of Proposition 1.1.12.
Proposition 1.1.15. — Let Ey, ..., E, and F be normed spaces, and M(E1, ..., E,; F) the subset
of M(Ey,...,E,; F) consisting of all bounded bilinear maps. Then the following hold.

(1) A map p € M(E1,...,E,; F) if and only if it is continuous at 0, which in turn is equivalent to
lol] < 400, i.e. p € M(En,...,E,; F).

(2) The subset M(E1,...,En; F) is a linear subspace of M(E,...,E,; F), and the map ||| defined
in (1.1.11) is a norm on M(En,...,E,; F).

.p in Proposition 1.1.13 restricts to a bijection from M(En, ..., En; F)

ns

(3) The currying map ®g, g
onto [,(El, £(E2, o L(Ey, F))) that is an isometric isomorphism of normed spaces.
(4) If F is a Banach space, so is the normed space M(Ey, ..., Ey; F).

1.2. The Derivative

1.2.1. The infinitesimal. — Right in the beginning phase of calculus, one principle idea is that
derivatives should be something that approximate the functions to be studied infinitesimally. But due
to the lack of a precise notion of the limit, the original crude version of the infinitesimal calculus soon
leads to some paradoxes, causing the so-called the second mathematical crisis. In dealing with this crisis,
it takes the effort of several generations of mathematicians to make the idea of infinitesimal precise and
rigorous, as a certain sort of limit.

Here is the precise formulation of the notion of an infinitesimal.
Definition 1.2.1. — Let E, F' be normed spaces. An infinitesimal from F to F' is a map f that
is defined on some neighborhood V' C E of 0 into F', such that f(0) = 0 and f is continuous at 0, i.e.
lim,_,o f(z) = f(0). The collection of all infinitesimals from E to F is denoted by J(E, F').

We say f is a locally defined Lipschitz map (from E to F) at 0 if f is defined on a neighborhood
V of 0 with values in F', such that there exists ¢ > 0 with || f(x)| < ¢||z| for all z € V. The collection
of locally defined Lipschitz map from E to F' is denoted by O(FE, F).

We say f is an infinitesimal of higher order from FE to F', if f is defined on some neighborhood V'
of 0 such that for any € > 0, there exists a neighborhood W, of 0 with W C V', such that

VeeWs,  [If(@)] < ezl

The collection of all infinitesimals of higher order from FE to F is denoted by o(E, F').

Remark 1.2.2. — (Exercise) It can be seen that the collections o(E, F'), O(E, F) and J(E, F) are
unchanged after changing the norm on E (resp. F') to an equivalent one.

Notation 1.2.3. — For f,g € J(E, F), we define the sum f + g to be the map

(f rdom(f)ﬁdom(g)) + (g rdom(f)ﬂdom(g))v

which is defined on the neighborhood dom(f)Ndom(g) of 0 in E. Similarly, we define scalar multiplication
of infinitesimal functions: for f € I(E,F), ¢ € R, we set cf to be the map x € dom(f) — cf(x) € F.
One now checks that I(E, F) is stable under taking sums and scalar multiplications. We shall denote
(=1)f by —f and writing f — g for f + (—g).

Remark 1.2.4. — Tt is interesting to note that J(FE, F') is not a vector space. It does satisfy most
of the axioms for a vector space. The axiom that fails is the existence of the opposite vector. More
precisely, it is clear that the zero map 0 : £ — F'| x + 0 that is defined everywhere is the unique neutral
element under taking sums, but then for any map f in J(EF, F) that is not defined everywhere, there
does not exist any g € J(E, F) with f + g =0, for f + g is not defined outside dom(f). Note, however,
we do have f+ (—f) = Odqom(s), Where —f := (—1)f and Ogom s is the zero map defined on dom(f). The
way to remedy this, i.e. to extract a vector space out of J(E, F'), is to introduce the notion of germs of
functions, i.e. we consider the quotient J(E, F')/ ~ where the equivalence relation ~ is given by letting
f ~ g if and only if f and g restricts to the same map on some neighborhood of 0. One checks that the



sum and scalar multiplication on J(E, F') then induces a well-defined sum and scalar multiplication on
J(E, F)/ ~, making the latter a vector space. For an f € J(E, F), the equivalence class [f] € J(E, F)/ ~
is called the germ of f. When considering infinitesimals, usually it is the germ of the infinitesimal, rather
than the infinitesimal itself, that is essential.

Proposition 1.2.5. — Let E, F', G be normed spaces.

(1) We have
(1.2.1) ol E,F)CO(E,F)CI(E,F),

and both o(E, F) and O(E, F') are stable under taking sums and scalar multiplications.

(2) Let f € J(E,F), g€ I(F,G), thengo f:=go (f [f—l(dom(g))) is a well-defined infinitesimal from
E to F. Moreover, if either of the following holds
(2.a) f€O(E,F) and g€ o(E,F);
(2.b) fe€o(E,F)andgec O(E,F);
then fog € o(E, F).

(3) We have o(E,F)N L(E, F) = {0}.

Proof. — (1) is a routine check and is left as an exercise.

(2). Since f is continuous at 0, the domain dom(g o f) = f~!(dom(g)) is a neighborhood of 0. Since
both g and f [-1(dom(g)) are continuous at 0 and f(0) = 0, the composite g o f is continuous at 0, and
indeed go f € IJ(E, G).

Suppose (2.a) holds. Define h : dom(g o f) — G by setting

g(f(&) .
(1.2.2) n(€) =< IIFEN 1) #0

0, if £(¢) = 0.
Then for any £ # 0 and £ € dom(g o f) = dom(h), we have

lg(FEDI _ Il
(1.2.3) 0= =l = el IR < el
where ¢ > 0 is a constant with || f(&)| < ¢||¢] for all £ € dom(f), whose existence follows from the
assumption that f € O(F,F). By (1.2.3), we will have go f € o(E,G) as desired if we can show that
h e J(E,G), ie. if limg_,o h(§) = 0, which we now establish. Take any € > 0. Since g € o(F,G), we can

find a neighborhood V' of 0 in F, such that
(1.2.4) eV, gl < ellnl.
Then by continuity of f at 0 (note f € O(E, F) C J(E,F) by (1)), the set U := f~1(V) C dom(f) is a
neighborhood of 0 in E. For any £ € U, either f(£) = 0, in which case h(§) = 0; or f(£) # 0, in which
case ||h(&)|| < € by setting n = f(£) in (1.2.4). Thus ||h(§)|| < € for any £ € U, and we indeed have
limg_,0 h(§) = 0. This proves go f € o(E, G) provided (2.a) holds.

Suppose (2.b) holds. Then for any ¢ > 0, there exists, by f € o(E, F), a neighborhood U of 0 in F,
such that
(1.2.5) veel,  [IfEI <eléll
By g € O(F,G), we also have a constant C' > 0 with

(1.2.6) v € dom(g),  llg(mll < Clinll.
Combining (1.2.5) and (1.2.6), we obtain

(1.2.7) V¢ € dom(go f) = f (dom(g)),  llg(f(EDI < CIF©N < Celigll.

Since € > 0 is arbitrary, (1.2.7) implies go f € o(F, @), as desired.
(3). Suppose A € o(E, F)N L(E, F). It suffices to show that Ay = 0 for any nonzero &, € E. Take
any nonzero scalar ¢ € R, we have

ol ekl




By letting ¢ — 0 on the right side of (1.2.8) and noting that A € o(E, F'), we obtain

A& . Alcko) . AL
1.2.9 —— = lim = lim — =
(29 ol = 22 Tegoll — &2 Tl
Thus A&y = 0, and the proof is complete. O

Given f € J(FE,F) and a function g from a neighborhood W of 0 to R, we may also define gf as the
map z € dom(f) Ndom(g) = g(z)f(x) € F' with the neighborhood dom(f) N dom(g) of 0 as domain.
Proposition 1.2.6. — Using the above notation, the following hold:

(1) If f € J(E, F) and g is bounded, then gf € J(E, F).
(2) If f e O(E,F) (resp. f € o(E,F)) and g is bounded, then gf € o(E, F).
(3) If fe O(E,F) and g € O(E,R), then gf € o(E, F).
Proof. — Exercise. O

1.2.2. The derivative as a continuous linear map. — Let E, F' be normed spaces, U C F an
open set in F and xg € U. Intuitively, a map f : U — F is differentiable at g should mean that near
Tg, up to a negligible relative error as one gets nearer and nearer xy, the map f looks like a continuous
affine map (or equivalently, a continuous linear map if we rebase the origin at z). The precise definition
is the following.

Definition 1.2.7. — Let E, F be normed spaces, U C E an open set in F and g € U. A map
f: U — F is differentiable at x, if there exists an A € L(FE, F) such that the “relative error map”

8T7f7A W = F

(Aasof)(g) - A€ .
¢ e HEF0

0, ifeE=0
is an infinitesimal from E to F', where W is a neighborhood of 0 such that zo+W C U,and A, f : W — F
is the “incremental map” defined as
Apof WS F
£ flwo+ &) — f(wo).
Equivalently, this means that the “error map”
(Ag f—A): W = F
= (Do f)(€) — AL = f(wo + &) — f(wo) — AL

is an infinitesimal of higher order, i.e. A, f — A € o(E, F).

Note that in this case, the continuous linear operator A is unique, for if B € L(E,F) and A,,f — B €
o(E, F), then (see Proposition 1.2.5 (3))

A—B= (A, f—B)—(Azf—A) €o(E,F)NL(E,F) = {0},

and we must have B = A. We thus call A the derivative of f at x.
Notation 1.2.8. — Some common notation for the derivative of f at xo are

(df)(fo), dmgfa (D f)(xO) or Da:o f

Remark 1.2.9. — In consistent with Remark 1.2.4, the differentiability of f at z( is really a notion
about the germ of f at zp and so is the determination of the derivative (df)(zo), i.e. the existence and
the value of (df)(zg) only depends on the value of f on a neighborhood of xg, as can be easily checked
by manipulating the notion of open sets.

Remark 1.2.10. — (Exercise) We will see in the exercise session that the differentiability of f at xo,
as well as the derivative (df)(z¢) as a continuous linear map, does not depend on the choices of the
equivalent norms on F and F'.

(1.2.10)

(1.2.11)

(1.2.12)



Example 1.2.11. — Tt is clear that if f = A |y for some A € L(E, F), then f is differentiable at any
xo with (df)(zo) = A. In this case, the error map is identically zero: the derivative A is not merely the
best approximation of f by continuous linear maps near xg, it coincides with f near xy.

Proposition 1.2.12. — Using the setting in Definition 1.2.7, if f is differentiable at xg, then f is
continuous at xg.

Proof. — Continuity of f at z¢ is equivalent to the continuity of A,, f at 0. But from

(1.2.13) Ay f—A€o(E,F)COEF)CI(EF)

and

(1.2.14) AeOD(E,F)CI(E,F),

we deduce that

(1.2.15) Apof = (Agof —A)+ A€ O(E,F) CI(E,F).

and A, f is indeed continuous at 0. O

1.2.3. The chain rule. — Let E, F, G be normed spaces, U (resp. V) is an open set in E (resp.
F), and zy € U (resp. yo € V). Given maps f : U —» V C F with f(zg) = yo and g : V — G, we
have go f : U — G. Assume f is differentiable at xg and g differentiable at yo, and set A = (df)(zo),
B = (dg)(yo). We then have, for £ in a small neighborhood of 0 in E, that (A, f)(§) = f(xo+&) — f(xo)
is an infinitesimal from F' to G, and that (recall (1.2.10))

(Auo(go ))(€) = g(f(z0+€) — g(f(w0))
(1.2.16) = g(f(z0) + (Ao £)(€)) — flxo)
= g(yo + (A2 )(€)) — 9(wo)-

To estimate the right side of (1.2.16) using B = (dg)(yo), we consider the infinitesimal e, € o(F,G)
defined by

(1.2.17) e1(n) = g(yo +n) — g(n) — Bn.
Then (1.2.16) and (1.2.17) together yields
(1218) (Amo(g © f))(g) - B(Azof)(g) = 51((Am’of)(£))

Note that A, f € O(E, F) by (1.2.15), hence €1 o (A, f) € o(E, G) by Proposition 1.2.5, thus (1.2.18)
now says that

(1.2.19) Ay (go f)—Bo (A f) €0(E,Q).
On the other hand, by A = (df)(x¢), we have
(1.2.20) Ay f—Ac€o(EF).
It follows from B € L(F,G) C O(F,G), (1.2.20) and Proposition 1.2.5 that
(1.2.21) Bo (A f—A) €o(E,G).
Now taking the sum of (1.2.19) and (1.2.21), we get
(1.2.22) Ay (go f)—BA€o(E,G),

which means precisely that g o f is differentiable at xy with

(1.2.23) d(g o f)(z0) = (df(a)9) © (day f)-

To sum up, we have established the following result, known as the chain rule for calculating the
derivative of composite maps.
Proposition 1.2.13. — Let E, F, G be normed spaces, U (resp. V') is an open set in E (resp. F),
and xg € U (resp. yo € V). Given maps f : U =V C F with f(x9) = yo and g : V — G, we have
gof:U — G. Assume [ is differentiable at x¢ and g differentiable at yo. Then go f is differentiable at
xo with d(f o g)(zo) given by (1.2.23). O



1.2.4. The one-dimensional case and the directional derivative. — Let E, F' be normed spaces,
U an open set of E, and f : U — F a map that is differentiable at some point g € U.

In the special case where dim F' = 1, we can identify F’ with R by the isometric isomorphism ¢ : R — F|
t — tyo, where yo € F is such that ||yo|| = 1. Via this identification, we have

(1.2.24) (df)(z0) € L(E,F) = L(E,R) = E.

Recall that E' = L(E,R) is called the topological dual of E. If f is differentiable at every point in U,
then we obtain a map df : U — E’, x — (df)(z). This df is an example of the so-called 1-form, which
will be treated later when we study differential forms.

In the special case where dim F = 1 (F' being arbitrary), we can again identify E with R as in the
previous paragraph. In this case, (df)(z¢) € L(R, F). But we have the canonical isometric isomorphism

LR,F)— F
(1.2.25)
@ p(1)
whose inverse is
F — L(R,F)
(1.2.26)
E{t—te}.

Proposition 1.2.14. — Let U be an open set of R and F' a normed space. Let f : U — F be a map,
A€ LR, F) andxg € U. Set £ = A(1) € F. Then the following are equivalent.

(1) The map f is differentiable at xo with (df)(zo) = A.

(2) The limit

(1.2.27) i L@+ = fl@o) _ . flz) = flwo)
t—0 t T—To T — To
exists and this limit is exactly € € F.
Proof. — Tt is clear that A(t) = A(¢t-1) = tA(1) = t£. Now this equivalence can be easily checked using
flwo+1) = flzo) ) _ ¢ = (Ax, f)(t) — A(t)
t t '
and the definitions of limit and (df)(zo). O

Notation 1.2.15. — Because of Proposition 1.2.14 (2), when E = R, we often write [(df)(x0)](1)
simply as f'(xq).

Now we get back to the general setting.
Proposition 1.2.16. — Let E, F be normed spaces, U C E an open set, g € U, and f : U — F a
map that is differentiable at xo. Let e > 0 be so small that ag(t) = xo+t€ defines a map ag : |—,e[ - U
with ag(0) = xg. Then the limit

(1.2.28)

(1.2.29) i £ (%o +t€) — f(z0)

t—0 t

exists and is precisely [(df)(zo)](£).
Proof. — We have, for all ¢t € |—¢,¢[\ {0}, that

ae(t) = ag(0) _
- ¢

Hence a(0) = £. By Proposition 1.2.16, a is differentiable at 0 with (dag)(0) = Re, where R¢ : R — E

is the map sending ¢ € R to t£. Now consider the composite map g := f o a¢ from |—¢, e[ to F' and note
that ¢ (0) = x¢. It follows from the chain rule (Proposition 1.2.13) that g is differentiable at 0 with

(1.2.31) (dg)(0) = (df) (o) o Re.
Thus by Proposition 1.2.16 again, the limit
g(t) —9(0) _ lim f(@o +t§) — f(zo)

(1.2.30)

123) i SO0 = oy L0
exists and equals [(dg)(0)](1) = [(df)(z0)](£). O



Definition 1.2.17. — Let E, F be normed spaces, U C E an open set, zo € U, and f : U — F a
map. Pick any £ € E. We say that f is differentiable along the direction £ € E at xg, if the limit
in (1.2.29) exists, and we call this limit the directional derivative of f along the direction £ at xg.
Using the notion of directional derivatives, Proposition 1.2.16 can be reformulated as the following
corollary.
Corollary 1.2.18. — Let E, F be normed spaces, U C E an open set, xo € U, and f : U — F a map.
If f is differentiable at xg, then the directional derivative of f at xq exists along any direction £ € F,
and equals [(D f)(x0)](§)-
Remark 1.2.19. — We see in the exercise that the converse of Corollary 1.2.18 is false: there exists a
function f :R? — R such that the directional derivative along any direction exists at 0 but the function
is not even continuous at 0.

1.3. Some Examples of Derivatives

Example 1.3.1 (Derivative of continuous affine maps). — Let E and F' be normed spaces.
Consider a continuous affine map « from E to F, i.e. o is of the form a(z) = Az + n for some
A€ L(E,F)and n € F. Then for any z(,¢ € E, we have

(1.3.1) (Azo@)(§) = a(xo + &) — alzg) = A¢,
which means A, o — A is a zero map that is trivially in o(F, F'). Hence « is differentiable at any zg € E,
and (df)(zg) = A.

We now establish a lemma as a preparation for calculating the derivative of a continuous bilinear map.
Lemma 1.3.2. — Let Eq, Es, F and G be normed spaces, and 8 € B(Ey X Ea, F) (i.e. B is continuous
and bilinear). Suppose f; € O(G, E;) for i =1,2, then the map

Bo(f1,f2): z € dom(f1) Ndom(fz) — B(fl(z),fg(z))

is an infinitesimal of higher order, i.e.

(1.3.2) Bo(f1,f2) € o(G, F).

Proof. — For i = 1,2, let ¢; > 0 be a constant such that || f;(z;)|| < ¢||z;|| for any x; € dom(f;). Then
using the norm ||(x1, z2)|| = max(||z1]], ||z2||) on E1 x E5 (see Corollary 1.1.8 and Remark 1.2.2), we see,
for any z € dom(f;) Ndom(fz), that

(1.3.3) 1B(f1(2), f2(2)) | < UBI- 1A ()] - [ f2(2)]] < exeall Bl

Now (1.3.2) follows from (1.3.3). O
Exzample 1.3.3 (Derivative of continuous bilinear maps). — Let F, E5 and F' be normed spaces
and 3 € B(E; X Es, F). For any a = (a1,a2) € E1 X E3, we have

(1.3.4) (AaB)(€1,€2) = Blar + &1, a2 + &) — Blar, az2) = Bla1, §2) + B(&1, az) + B(61,E2).-

For i = 1,2, let m; : B4 x Ey — E; be the i-th projection, and u;, : E; — E; X Ey the insertion such
that u; o(x;) has x; in the i-th component and a; in the j-th component for j # 4. Since § is continuous
and bilinear, the composite 3;  := fou; o € L(E;, F'). Then (1.3.4) implies that

(1-3-5) {(Aaﬂ) - Zﬁi,a © ﬂ'z} (51,52) = (5 o (7T1,7T2))(€1,€2)-

By Lemma 1.3.2; we see that So (71, 72) € 0(E1 X Ea, F'). Hence by (1.3.5), we see that [ is differentiable
at a = (a1, az) with

2
(1.3.6) (dB)(a) =Y Biaom € L(EL x Ey, F).
i=1
More specifically, for all (§1,&2) € E1 x Eo, we have
(1.3.7) [(dB)(a)](&1,&2) = Blar, &2) + B(&1, az).
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Remark 1.3.4. — (Exercise) Lemma 1.3.2 and Example 1.3.3 can be generalized to continuous multi-
linear maps.

Example 1.3.5 (Derivative of the inverse map). — Let E, F be Banach spaces, and A € L(E, F)
an isomorphism in the sense that there exists B € L(F, E) with AB = Idg and BA = Idp, and we write
B =A"' Forany X € L(E, F) with | X| < HA‘IH_l, we have

(1.3.8) A+ X = A(ldg +A71X).
Since

(1.3.9) [A7IX]| < ||[A7Y) - I1X] < 1,
the series

D (-ATX) =Tdp+ ) (AT X)"

k>0 k>1

converges in the Banach space® L£(E), and is easily checked to be the inverse of Idg +A71 X, i.e.

(1.3.10) (Idp+A7'X)™ =) (-A7'X)* € L(E).
k>0
It follows from (1.3.8) and (1.3.10) that A+ X € L(FE, F) is also an isomorphism with
(1.3.11) (A+X) ' =(Idp+A7'X) AT =Y (AT X)PA™! € L(F E).
k>0

Denote by Iso(E, F) the subset of L(E, F) consisting of isomorphisms from E onto F. For any
A € Iso(E, F), by the above, we see that the open ball centered at A with radius HA_IH_1 > 0 lies
entirely inside Iso(F, F'). This means that Iso(E, F) is an open set in L(E, F).

Now we consider the inverse map

v:Iso(E,F) — L(F, E)

1.3.12
( ) A AL

For any fixed A € Iso(E, F), it follows from (1.3.11) that for any X € L(E, F) with || X|| < HA‘lH_l,
we have

(1.3.13) (Aav)(X) + ATIXAT =) (AT X)kAT
k>2

Note the inequality (1.3.9), we have

Z(_Aflx)kAfl < ZH(Ale)kAle

E>2 k>2
_ _ k
<Ay _llAX]
(1.3.14) k22
1
= A AT XY e
2 T
AP
< —Ati
= M =
It follows from (1.3.14) and (1.3.13) that
(1.3.15) Aav — (-A—l(-)A—l) € o(L(E, F), L(F,E)).
Hence v is differentiable at A with
(1.3.16) (dv)(A) = —A~1()A 1 e /J(L‘(E,F),E(F, E)).

(3)This L(E) is actually a typical example of a Banach algebra.
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1.4. The Mean Value Theorem and Some of Its Applications

Let [a,b] be a compact interval, F' a normed space and f : [a,b] — F a map. For any ¢ € [a, b[, we
define the right derivative of f at ¢ to be

(1.4.1) fA(t) == lim M,

" s—0t S

provided this limit exists. Similarly, for ¢ € ]a, b], we define the left derivative of f at ¢ to be

(1.4.2) () = 1im LEFS=SG)
s—0~ S
provided this limit exists. It is clear that for ¢ € ]a, b[, the existence of f’(t) implies the existence of f(t)
and f(t) with /(t) = £1(t) = (1)
The following theorem is also known as the finite-increment theorem.
Theorem 1.4.1 (The mean value theorem). — Let [a,b] be a compact interval, D C [a,b] a count-
able set, F' a normed space, f : |a,b] = F a continuous map and ¢ : [a,b] = R a continuous real-valued

function. Suppose for each t € |a,b] \ D, the left (resp. right) derivatives of f and ¢ both exists and
If I < @i(t) (resp. | £ < @7.(t)), then

(1.4.3) [1£(0) — f(a)]| < »(b) — ¢(a).
Proof. — We treat the case of the right derivatives first. Let (p,)nen be an enumeration of D. For any
€ > 0, we claim that
(1.4.4) vielatl 70~ f(a)ll < o(t) —pla) t ot —a) e 32"
pn<t
Set

A={s€la,b]|Vtela,s], theinequality in (1.4.4) holds}.

One checks immediately that a € A so that A # () and that sg :=sup A € A. If s = b, then b € A and
(1.4.4) is proved. We now show that this must be the case.

Suppose otherwise, then sy < b. By continuity, we see that (1.4.4) holds not only for all ¢ € [a, sg[ but
also for t = s, i.e.
(1.4.5) 1£(50) — F@Il < pls0) — pla) +=(s0 —a) 42 3 277,

pPn<So

Now either sg € D or sg € ]a,b[ \ D.

If sp € D, then sy = pn,. By continuity of f and ¢ at sg, there exists s; € ]sg, b[ such that for any
t € [so, $1], we have

(1.4.6) 1) = £(s0)l € 5y
and
(1.4.7) p(t) — ¢(s0) < m
Hence
vielsosl ()~ F@I < [1£(s0) = (@)l + 1 £(t) = £(s0)l
< pls0) (@) +elso—a) +e D 2T+ s
" = ols0) = (a) + ((t) = #(s0) ~ 5=y )

+e(so—a)+e (21n0 + Z 2—n>

Pn<S0

<ot)—pla)+et—a)+ey 27"

Now (1.4.5) and (1.4.8), together with sy € A, imply that s; € A, contradicting sy = sup A.
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If so € Ja,b[\ D, then both f/(sp) and ¢!.(sg) exist. Hence there exists sy € |sq, b[ such that for all
te ]S()7 82[

(1.4.9) HW - fé(SO)H < g

and

(1.4.10) %ﬁfso) — ¢ (s0) = —%

Thus for all ¢ € ]sg, s2[, we have, by (1.4.10), that

(L4.11) 1£(5) = F(s0)ll < £/ (s0)l1(t = s0) + 5 (¢ = 50) < 1 (s0)(¢ = s0) + 5 (¢ = s0),
and by (1.4.10), that

(14.12) @ (0)(t = 50) < (t) = pls0) + 5t = 50);

It follows from (1.4.10) and (1.4.11) that

(14.13) vt [so sl £ = Fls0)| < () = (s0) +£(t = s0),

which, together with sy € A, implies that s € A, again contradicting sy = sup A.

Therefore, we have shown that we shall always have a contraction if sg # b, which forces b = sq € A.
Now (1.4.5) together with b = so € A imply (1.4.4), as claimed. Since ) .,27" = 2, it follows from
(1.4.4) that -

(1.4.14) 1(b) = fa)ll < (b) — ¢(a) +e(b—a+2).
Since € > 0 can taken arbitrarily in (1.4.14), we obtain (1.4.3), which proves the theorem in the case of
existence of right derivatives.

For the case of left derivatives, by replacing f with g(t) := f(a+b—1); ¢ with ¢(t) := —p(a+b—1t);
and D with D’ = a + b — D, one checks easily that both g and 1) are right differentiable at any point in
t €a,b[\ D’ with ||g,.(t)|| < .(t). By the above case for right derivatives, we still have

(1.4.15) [f(a) = f®) = llg(b) — g(a)[| < ¥(b) —(a) = ¢(b) — ¢(a),

and the proof is complete. O
Definition 1.4.2. — Let E, F be normed spaces, U C E a connected open set, f : U — FE a map. We
say that f is

— differentiable if f is differentiable at every xg € U,
— continuously differentiable, or of class C!, if f is differentiable, and the map
df:U — L(E,F
(1.4.16) ( )
z — df(zo)

is continuous.

Corollary 1.4.3. — Let E, F be normed spaces, U C E an open set, f : U — E a map, and a,b € U
such that the segment {a +t(b— a) ‘ t €[0,1]} lie in U and the points on this segment at which f is not
differentiable is at most countable. Then

(1.4.17) 1£) = f@Il < sup [|df(a+t(b—a))]- Ib—all

Proof. — Apply Theorem 1.4.1 to the composite map g : [0,1] — E, ¢t — f(a +t(b— a)), by noting that
g'(t) = [df(a+t(b—a))](b—a) whenever f is differentiable at a + t(b — a). O

Before stating the following corollary, we need the following result on topology*.
Lemma 1.4.4. — Let E be a normed space and U C E open. Then each connected component of U is
still open and path-connected.

(4)We will see in the topology course that the result is still true for all locally path-connected spaces.
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Proof. — Take any xg € U, it sufficed to show that the connected component containing xg is open and
path-connected. Set

(1.4.18) Uy = {w eU ‘ There exists a continuous path from z( to m}
For each x € Uy C U, since U is open, there exists an r > 0 with the open ball
B(z,r):={ycE||z—y| <r}

lying entirely inside U. For each y € B(z,r), the line segment map v, : [0,1] = E, t — x + t(y — x),
which is clearly continuous'®), has its image inside B(z,r), for whenever ¢ € [0, 1], we have

(1.4.19) |(z+tw—2)) = o] = ity = )| = tly = all < tr <.

By « € Uy and the definition of Uy, there exists a continuous map ~, : [0,1] — U with ~,(0) = z¢ and
vz(1) = z. Now we define v : [0,1] — U by

vz (2t), ifte|o, %],
(1) = 1
Voow(2t — 1), ifte }5, 1].

One checks (check it!) that v is continuous with v(0) = 2 and (1) = y. This means that B(z,r) C Uy
and Up is open. On the other hand, if z € U \ Uy, but B(z,s) N Uy # 0 for some s > 0. Then we
can take some w € B(z,s) N Uy and connect w with z¢ by some continuous path ~,,. Similarly, we can
concatenate 7,, with the line segment map +,, . to obtain a continuous path from z( to z, contradicting
to z ¢ Up. Thus B(z,s) C U\ Uy for some s > 0 and U \ Uy is also open. Clearly, Uy is path-connected,
hence connected. Let U be the unique connected component containing Uy, we then see that Uy and
U’ \ Uy is a partition of U’ into its open subsets. By the connectedness of U’ and Uy # 0 (since zq € Uy,
why?), we must have U’ \ Uy = ) and U’ = Uy, which is open and path-connected. O

Corollary 1.4.5. — Let E, F be normed spaces, U C E a non-empty open set, f: U — E a differen-
tiable map such that df(xg) = 0 for each xo € U, then [ is locally constant, i.e. f is constant on each
connected component of U.

Proof. — Note that each connected component of U is open (Lemma 1.4.4), we may therefore assume
that U itself is open. Take zg € U, and consider the subset U} := f~1(f(xg)) of U. Since f is continuous
and the singleton { f (o)} is closed, U] is closed in U. On the other hand, for any = € U}, since U is open,
B(z,r) C U for some r > 0 and Corollary 1.4.3 implies that f(y) = f(z) = f(xo) for any y € B(z,r),
hence B(z,r) C U} and U] is also open. Since U is connected and zg € U}, we must have Uy =U. O

As another application of the mean value theorem, we now state an important result relating the
uniform convergence and derivatives for a sequence of maps.
Theorem 1.4.6. — Let E be a normed spaces, F' a Banach space, U C E a connected open set, and
(fn) a sequence of differentiable maps from U to E. Suppose the following condition hold.

(1) There exists an xg € U such that (fn(x0)) converges.
(2) The sequence (dfy,) of maps from U to L(E,F) converges locally uniformly.

Then (fy) converges locally uniformly to a map f:U — F, and f is differentiable with (df,) converges
locally uniformly to df.

Proof. — Let A be the subset of U consisting of a € U such that (f,(a)) converges. Clearly xo € A so
that A # (. Now for any a € U, there exists r > 0, such that (df,) converges uniformly on the open

(5)this follows from the continuity of the norm function.
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ball B(a,r) C U. By Corollary 1.4.3 apply to f, — fm, we see that

Va € B(a,r), an(:r) — fnla) — (fm(:v) — fm(a))H

< sup ||[(dfn = dfm)(a+t(z —a))|| - lz - all
t€]o,1]

1.4.20
( ) < < sup {|dfn(y) —dfm(y)H) [ = af

yEB(a,r)

<r- sup [dfu(y) —dfm()l-
y€B(a,r)

Note that since (df,,) converges uniformly on B(zx,a), it follows from (1.4.20) that (f,(z)) is a Cauchy
sequence if and only if (f,(a)) is a Cauchy sequence. Since z € B(a,r) is chosen arbitrarily, it follows
that either B(a,r) C A or B(a,7)N A ={). Hence A is both open and closed in U. Since U is connected
and A # () (recall g € A), we must have U = A, i.e. every point (f,(a)) converges for any a € U. Use
(1.4.20) again, we see that (f,,) converges uniformly on B(a,r). Hence (f,) converges locally uniformly
to some map f:U — F.

It remains to show that f is differentiable and that (df,) converges locally uniformly to df. Since
(df) already converges locally uniformly, it suffices to show that df(a) = lim,,—, y~ df,(a) for any a € U.
Let r > 0 be as above and take an arbitrary ¢ > 0. Since (df,) converges uniformly on B(z,a), there
exists m € N, such that

(1.4.21) Yn > m, Vz € B(a,r), l[dfn(z) — dfm ()| <e.
Taking n — +oo in (1.4.20), by (1.4.21), we see that

(1.4.22) Vo€ Blar), (@) - £@) — (fm@) — fmn(@)]| < elle — al.
On the other hand, since f,, is differentiable at a, there exists v’ € ]0, [, such that
(1.4.23) Vo€ Blar), () = (@) - dfm@) - (@ —a)] < ellz — all.

Let g(a) = lim, 400 dfn(a) € L(E, F). Then taking n — +o0o and & = a in (1.4.21), we see that
(1.4.24) l9(a) — dfm(@)] <.

Apply g(a) —dfm(a) € L(E,F) to x —a € E, we see that

(1.4.25) Ve e E,  |lg(@) (@—a) - dfm(a) (= — )] < elle —all.

Combining (1.4.22), (1.4.23) and (1.4.25), we have

(1.4.26) Vo € Bla,r'),  |[f(z) = fla) = g(a) - (v — a)|| < 3¢z — a].

Since € > 0 is arbitrary, (1.4.26) implies that A,f — g € o(E, F), i.e. f is indeed differentiable at a with
df(a) = g(a) = lim, 100 df,(a), as desired. O

1.5. The Second and Higher Derivatives

Definition 1.5.1. — Let E, F be normed spaces, U C E an open set, o € U and f : U — E a map
(see Definition 1.4.2). If the map f is differentiable on a neighborhood V of z inside U, and the derived
map df : V — L(E, F) is differentiable at z, then we say the second derivative, or the derivative
of second order of f at zg exists, or that f is twice differentiable at g, and we write d2f(zg) for
d(df)(xo).

Remark 1.5.2. — Note that d?f(zg) € L(E,E(E,F)), so by currying (Proposition 1.1.12), we may
and often do regard d?f(wzg) as the continuous bilinear map from E x E to F that sends (£1,&2) to

(@2f)(20) (1) - &2 = {[(d*£)(x0)](§1) }(&2)-
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Proposition 1.5.3. — Let E, F be normed spaces, U C E an open set and xg € U. If a map
f:U — E a map that is twice differentiable at xo. Then as a bilinear map, d°f(zg) is symmetric, i.e.
for all &1,&2 € E, we have

(1.5.1) d* f(w0)(&1) - &2 = d® f (o) (&2) - &1

Proof. — Since U is open, there exists r > 0 such that B(zg,2r) C U. For any &,n € B(xq, ), consider
the expression

(1.5.2) h(&,n) = flxzo+&+m) — flzo+ &) — f(zo +n) + f(20),
which is well-defined and symmetric, i.e.
(1.5.3) h(&n) = h(n,$).
For s € [0, 1], set
(1.5.4) agy(s) = h(s&n) — d? f(wo)(n)(s€).
Then by the chain rule, for any s € )0, 1[, we have
(155) 0 (5) = (Af (o + € + 1) — Af (o + 5€) — A Fao)(n)) - €
Hence,
V¢, n € B(0,7), [1(&,m) — & f (o) (n) - €| = (1) — a(0)]
(156) < sup [| (4G + 56+ 1) = A oo+ 56) = & fa)n)) - ¢

< el sup [[(A7G0 -+ 5& ) = di (o +56) = & fan) ) |

Now take any € > 0. Since f is twice dlﬁerentlable at xo, there exists r1 € ]0,7[, such that f is
differentiable in B(xg,2r1), and that

(1.5.7) V¢ € B(0,2r1),  ||df(zo +¢) — df(wo) — © <elcll-

If £,m € B(xo,71), then setting ( = s€ + 1 and ¢ = s in (1.5.7), one obtains respectively, that
(1.5.8)  V&ne€ B(0,r), s€]0,1], [df (zo + & + 1) — df (xo) — d* f (o) (s€ + )| < ells& +nl,
and
(1.5.9) V¢, n e B(0,r1), s €]0,1], de xo + 8&) — df (zo) — d%f(z0)(s€) || < el

By the triangle inequality and the linearity of the derivatives, we deduce from (1.5. 8) and (1.5.9) that
v§7n68(07T1)7 36]0a1[7 de $0+5§+77)—df(550+5§)— xO 7) ||
<e(lls€+nll +[Is€ll) < e Il + linll) < 2l + lInl)-

Combining (1.5.10) with (1.5.6), we obtain
(15.11) V&ne B(O,r),  [[h(En) —d*f(ao)(n) - €| < elléll- 2Nl + lInll) < 2ell€ll - g + lInl).-
Switching £ and 7 in (1.5.11), we obtain
(1.5.12) Ve m € B(0,r1),  [|h(n,€) = d*f(w0)(€) - ]| < 2ellnll - (Inll + lI€])-
By the triangle inequality and h(&,n) = h(n, ), we deduce from (1.5.11) and (1.5.12) that

2
(1.5.13) Ve m e B0,r1),  [|d*f(wo)(m) - € — d*f (o) (€) - || < 2e([l€ll + lInll)".
For any &, € B(0,1), we have r1&;,r1m € B(0,71). Substituting £ = r1&; and n = ry7; into (1.5.13),
we obtain
(1.5.14) Vé,m € B(0,1),  [|d*f(wo)(m) - & — P f (o) (&) - m| < 2elll&all + [lma [[II* < 8e.

Let 3 € B(E x E,F) be the bilinear map defined by §(u,v) = d?f(z0)(v) - u — D?f(x¢)(u) - v, then
(1.5.14) implies that ||3]| < 8. Since € > 0 is arbitrary, we must have § = 0 and (1.5.1) follows. O

(1.5.10)
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Similarly, one can treat derivatives of arbitrary order. The following is a rigorous inductive definition
for this, and the case k = 1 is already covered in Definition 1.4.2 and Definition 1.2.7.
Definition 1.5.4. — Let E, F be normed spaces, U C E an open set, o € U and f : U — E a map.
For each k € N*, we say that f is differentiable up to order k, or k-times differentiable at zg, if
f is (k — 1)-times differentiable on a neighborhood of o, and the map d*=1 f is differentiable at xo. In
this case, we write d(d*~!f)(zo) as d*f(z¢), and call it the k-th derivative of f at zy. We say f is
k-times differentiable, or differentiable up to order k, on U, if it is so at each point in U, in which
case, we write the map 2o € U — d* f(zg) as d* f.
Remark 1.5.5. — 1t is clear that in the above setting, df(zo) € L(E, F), d*f(z¢) € L(E,L(E, F))
et cetera. We adopt the common convention that f(°)(z¢) := f(zo). In general, setting Lo(E, F) := F,
and Li(E, F) := L(E, Li—1(E, F)), we have d* f(z) € L(E, F) for all k € N, even for k = 0.
Proposition 1.5.6. — Let k € Nt, E, I be normed spaces, U C E an open set and xo € U. If
amap f: U — E a map that is k-times differentiable at xo, then d* f(xg), as a k-linear map from
EF:= Ex---x E (product of k copies of E) to I through the currying process in Proposition 1.1.15, is
symmetric.
Proof. — This follows from Proposition 1.5.3 and the induction on k. O

Definition 1.5.7. — Let E, F be normed spaces, U C F open. We call a map f : U — F smooth, if
it is k-times differentiable for all k € N7.

Ezxzample 1.5.8. — We will calculate the higher derivatives of various examples in the exercise session.
In particular, we will see that continuous (multi)linear maps, as well as the map v as in Example 1.3.5,
are all smooth.

1.6. Products and Differentials, Partial Derivatives

1.6.1. More on Products of Normed Spaces. — Let E be a normed space and F' = F} X --- X F},

a finite product of normed spaces F1, ..., F,, normed by (see Corollary 1.1.8 and Remark 1.2.10)
(1.6.1) G- )l = max [yl

Let U C E be open, and f : U — F a map. For each i = 1,...,n, denote by n; : FF — F;
the i-th projection, and set f; := m;f; denote by v; : F; — F the i-th insertion that sends y; to
0,...,0,9;,0,...,0) € F = Fy x -+ x F,, where the i-th component is y; and all the other components
are 0.

The product structure on F' also induces a product structure on £(E, F'). More precisely, we have the
following result.
Lemma 1.6.1. — Using the above notation, for each i € {1,...,n}, we have ; : F; — F is an
isometric embedding, and 7; : F' — F; a surjective contraction which is of norm 1 unless F; = 0, such
that

(1.6.2) Vie{l,...,n}, w0y =Idg,,
and
(1.6.3) > yiom=1dp.

=1

Moreover, the map

m:L(E,F)— L(E,Fy) x---x L(E,F,)
(164) A= (mA, ..., 1,A)
is an isometric isomorphism of Banach spaces, where the norm on the right side of (1.6.4) is given by

(L6.5) (v Al = e A4
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Moreover, the inverse of 7 is given by

(1.6.6) T AL AR) =) vid

i=1
Proof. — This is a routine check and the details are left as an exercise. O
Notation 1.6.2. — From now on, unless stated otherwise, when F' = Fy x --- x F,, with each F;

being a normed space, we equip F with the norm defined by (1.6.1); and for any normed space, we equip
L(E,F1) x---x L(E, F,) with the norm defined by (1.6.5), and identify the resulting normed space with
L(E,F) via the isometric isomorphism m in Lemma 1.0.1.

1.6.2. Product Structure on the Codomain and the Differential. — Roughly speaking, the
following result says that a map is differentiable if and only if each of its component is so. This is an
easy consequence of the chain rule and the preparatory Lemma 1.6.1.

Proposition 1.6.3. — Let E, Fy, ... F, be normed spaces, ' = F} X --- X F,,. Given U C E open and
amap f:U — F. For eachi € {1,...,n}, let m; : F' — F; be the i-th projection and set f; : U — F; by
fi=miof. Then for any xq € U, then f is differentiable at xq if and only if f; is differentiable at xg
for each i € {1,...,n}. In this case, we have

(1.6.7) Vie{1,...,n}, dfi(zo) = m; o df (o),
and
(1.6.8) df(zo) = Z'Yi odfi(zo).
i=1
In other words, using the identification made in Notation 1.6.2, we have
(169) df(IIJ()) = (dfl (QL'()), ey dfn(x()))
Proof. — Suppose first f is differentiable at zo. We know 7; € L(F, F;) (Lemma 1.6.1), by Example 1.3.1
and the chain rule (Proposition 1.2.13), we see that for each i € {1,...,n}, the composite map f; = ;o f

is differentiable at xo and (1.6.7) holds.
Conversely, suppose each f; is differentiable at xq. We have, for each x € U, that

(1.6.10) Z(% o fi)(zx) = Z(% om;o f)(x) = (Z i © 771') f(z) = f(x),
i=1

i=1 =1

where the last equality follows from (1.6.3). It follows from (1.6.10) that as maps from U to F', we have
(1.6.11) f=Y o fi
i=1

Again by the chain rule, each «; o f; is differentiable at z¢ with d(v; o f;)(zo) = v o (dfi)(z0), and the
differentiability of f at xq, as well as (1.6.8), now follows from (1.6.11). O

1.6.3. Product on the Domain and the Differential. —

Definition 1.6.4. — Let E = Ey x--- x E,, with each E; being a normed space and let F' be a normed
space. Suppose U C F is open and a € U. For each i € {1,...,n}, denote by ~,; : E; — E the isometric
map sending z; € E; to (b,...,b,) with b; = x; and b; = a; when j # i (check 7,,; indeed preserves
distance), and set U; := 7, }(U), which is open in F; and a; € U;. We say the i-th partial derivative
of f exists at a if the composite map f o, [v,: Uy — F is differentiable at a;, and in this case, we
denote by 0; f(a) the differential d(f o~,,)(a;) € L(E;, F'), and call it the i-th partial derivative of f
at a.

Notation 1.6.5. — The partial derivative 0;f(a) is often denoted alternatively by D; f(a).

18



Remark 1.6.6. — Intuitively, the i-th partial derivative are the derivative that we get by fixing all
but the -th variable. Note that v, ;(x;) = v:(x;) + a — v;(a;) for each z; € E, where ; : E; — E is the
i-th insertion defined at the beginning of § 1.6.1. Hence v,; : F; — E is a continuous affine map, and
by Example 1.3.1, we have

(1.6.12) VZ‘Z S Ei, d’}/aﬂ'(.ﬁi) = Y-

Note that ~,(a;) = a. It follows from the chain rule that if f is differentiable at a, then for each
i € {1,...,n}, the i-th partial derivative 9; f(a) at a exists, and

(1.6.13) 9 f(a) = df(a)o .

Moreover, by (1.6.13) and Lemma 1.6.1, we have

(1.6.14) Z@if(a) om; = de(a) o om =df(a) (Z ~i o m) = df(a).

However, conversely, we can not deduce the differentiability of f at a from the existence of each partial
derivatives of f at a. This can be illustrated by the following counter-example. Consider ¢ : R? — R
defined by
2x122 .
) if (xlaxQ) 7é (an)a
(1.6.15) g(z1,0) = { 1 + 23
0. otherwise .

Then by definition, g(x1,0) = g(0,22) = 0 for any x1,z2 € R. Hence both 9,¢(0) and d29(0) exist, yet g
is not even continuous at 0, as g(¢,t) = 1 for all ¢ € R\ {0}. Hence g can not be differentiable at 0 (see
Proposition 1.2.12)!

Proposition 1.6.7. — Using the above setting, the following hold.

(1) If f 4s differentiable at a, then for eachi € {1,...,n}, the partial derivative 0; f (a) exists. Moreover,

(1.6.16) Vie{l,...,n}, 0if(a) =df(a) o,
and
(1.6.17) df(a) = Z@if(a) o ;.

(2) The following are equivalent.
(2.a) We have f : U — F is of class C* (Definition 1.4.2).
(2.b) For eachi € {1,...,n} and each xg € U, the i-th partial derivative 0; f(xq) at xo exists, and
the map
Oif : U — L(E;, F)

(1.6.18) 2 o> 0, (2)

18 continuous.

Proof. — We have already established (1) in Remark 1.6.6, and we show (2) in the following.
(2.a) implies (2.b). The existence part of (2.b) already follows from (1) and the assumption (2.a). For

the continuity part, note that for each i € {1,...,n}, the linear map
R, : L(E,F) — L(E;, F)
(1.6.19) 7/
A Ao Yi

is bounded since ||A o ;|| < ||yl - [|A]l (so [ R+, || < ||7ill), hence continuous. Using (1.6.16), we see that
0;f =R, o (df), hence is continuous.

(2.b) implies (2.a). Assuming (2.b), we aim to establish (2.a). To simplify the notation in the proof, we
first do this in the special case of n = 2. In this case, F = F; X E5. We first establish the differentiability
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of f at an arbitrary fixed point a = (a1,a2) € U C E = E; x E5. Sine U; and Us are open with a; € U;
and ag € Us, we may find an r > 0, such that B(a1,7) C Uy and B(ag,r) C Us. We now have

V€ = (§1,&2) € Bar,r) x B(ag,r) = Bla,r),
fla+¢§) = fla)
= flar +&1,a2 + &) — flar + &1, a2)
+ flar + &1, a2) — far, a2).
This motivate us to consider the maps a, 8 : [0,1] — F defined by

(1.6.20)

(1.6.21) a(s) = fla1 + &1, a2 + s&2)
and
(1.6.22) B(s) = flar + s&1, a2)

respectively. Denote by 7; : [0,1] — E; the continuous affine map t — ag + t&; (i = 1,2). Then it follows
from the definition of the corresponding maps that

(1.6.23) @ = f0Ya14¢1,a2),2° T2
and
(1.6.24) B =T °Va1,a0+62).1°T1-

Note that the map v(q, t¢,,a5),2 : 2 — F' is independent of a. For each s € |0, 1], we have

(1.6.25) V(ar+€1,a2),2 = V(ar+€1,a2+s€2),2 and J oV ar+€1,a2),2 = F 0 V(ar+€1,a5+562),2-

By assumption (2.b), we know that f o ¥4, ¢, ,a0+s¢,),2 is differentiable at the point 7 (s) = ag + &, it
follows from (1.6.23), (1.6.25) and the chain rule that « is differentiable at s, and

(1:626) Vs € 10,11 da(s) = (d(f oY arsé.azboen) (72(5)) ) 0 dra(s) = (9af) (a1 + 61, a2 + s2) o Res,

where Re, € L(R, E») is the map t € R — t& € E5 with || Re, || = ||§2]]. Similarly, we have

(1.6.27) Vs€]0,1,  dB(s) = (01f)(a1 + s€1,az) o Re,.
For cach s € [0, 1], we set

(1.6.28) ao(s) = a(s) — (02f)(a1, a2)(s&2),

and

(1.6.29) Bo(s) = B(s) — (01f)(ar, az)(s&1).

If follows from (1.6.26) and (1.6.28) that
(1.6.30) Vs €10, 1], dag(s) = [(52f)((11 +&1,a2 + 882) — (02f)(a1,az2)| o Re,.

Hence by the mean value theorem (Theorem 1.4.1), we see that

| flar + & a0 + &) — flar + &1, a2) — (02f) (a1, a2)&s|
= [Jao(1) — ao(0)]| < sup [[dao(s)]|

s€]0,1]
(1.6.31) < [[&l S‘]%pl[H(%f)(al + &1, a2 + 8&2) — (32f)(a17@2)H
s€]0,
< el sup [|(@) @1 + €02 + s2) — (D@1, 02) |
s€]0,1]
Similarly, by (1.6.27) and (1.6.29), we have
(1.6.32) Vs 0,1l dBos) = |(@uf) (@ + 561, a2) — (91 f)(a1,a2)| o Re,,
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and together with the mean value theorem, we have
| flar + &1, a2) — fla, az)|
= [[Bo(1) = Bo(0)[| < sup [|dBo(s)]|

s€]0,1]
(1.6.33) < leall sup @15 as + 51 a2) = @1 (e,
s€]0,1
< il sup [[@1 )@ + s1,02) = (@) ar,a2)-
s€]0,1]

Now by (2.b), 01f and 02 f are continuous. Hence by shrinking r > 0 if necessary, we have

(1.6.34) V= (C1.G) €BOr) CE=Bix By, Vi=12,  [2ifa+¢) - dfa)| < 5.
By (1.6.31) and (1.6.34), we have

(1.6.35) (a1 + €1, a5 + &) — flar + &, az) — (02f) (a1, a2)&| < I€]l,
while (1.6.33) and (1.6.34) together imply that

(1.6.36) (@ +€,02) = flar,a2) = (Ouf)(ar,a2)éa] < S €]l

It follows from (1.6.35) and (1.6.36) that

(1.6.37) Vee B(0,r) CE,  [[Aaf(§) = (01f)(a).&1 — (02f)(a)-Lol| < eli&]-
This means that f is indeed differentiable at a, with

(1.6.38) 4f(a).€ = (01)(@).& + (D21)(a) &s.

This being so for every a € U, we see as maps from U to L(FE, F'), we have

(1.6.39) df =Rx, 0 (01 f) + Ry, 0 (02f)

Now from (1.6.38), the continuity of df follows from the continuity of the partial derivatives and the
continuity of R, (i = 1,2), the latter being defined in the obvious way as in (1.6.19). This finishes the
proof in the special case of n = 2.

For general n, we can finish the proof by induction on n by noting that we may canonically identify
Ey x - X E, with (B X -+ X E,_1) X E,. The details are left as an exercise. O

1.7. Differential of Maps between Euclidean Spaces, Mixed Derivatives

We now explain how the general theory we have developed so far applies to the special case of maps
between Euclidean spaces.

Recall that an Euclidean space is a finite dimensional inner product space that is isometrically iso-
morphic to some R" equipped with its canonical inner product

(1.7.1) (x,y):Za:iyi, x=(21,...,Zn), y= (Y1,..-,yn) € R™
i=1

The canonical inner product on R™ induces the 2-norm as described in Example 1.1.5.

Given m,n € NT, U C R” open, and f : U — R™. Most classical treatment of differential calculus
studies the differentiability (resp. higher differentiability) of f in terms of the partial derivatives (resp.
mixed derivatives), which we now describe in more detail.

Since each vector in R™ has m-components, we may rewrite f as a row of m maps (f1,..., fm), with
each f; being a map from U — R™, such that f(z) = (f1(z),..., fm(z)). Fixa € U and j = 1,...,n,
and let © € U vary near a with the restriction that x; = ax, k # j, i.e. only the j-th component x; can

vary. For each f;, i = 1,...,m, we write g,fi

L(a) as the derivative g (a;) of the function g at aj, if the

latter exists, where g is defined in a small neighborhood of a; € R by the formula

g(t) = fi(al, e 7aj,1,t,aj+1, .. .,an).
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Note that %(a) as described above is really the derivative of a real-valued function of a single real
variable, with which we are already familiar.

Definition 1.7.1. — In the above setting, we call the number gij (a) the partial derivative of the
i-th component of f with respect to the j-th variable at a. In a notation that more reflects the partial
differential operation, this partial derivative is often also denoted by

0
1.7.2 —| fi
(172) 5|5
Notation 1.7.2. — To facilitate discussion in the rest of this section, we adopt the following convention
of notation. For each RF, we use eiks, (i=1,...,k) to denote the i-th vector in the standard basis, i.e.

ek € Rk with the l-th coordinate of eir 18 051. Correspondingly, we use wjj : R* — R to denote the
i-th projection. When the dimension k is clear from the context, we often omit it from the subscript and
write simply e; and w;.

Unwinding the definitions, we immediately obtain the following result relating the partial derivative
ngj_(a) to the already familiar notion of the directional derivative (Definition 1.2.17).
Proposition 1.7.3. — In the above setting, for each i € {1,...,n} and j € {1,...,m}, and for any

a € U, the partial derivative 9fi (4) of the i-th component of f with respect to the j-th variable at a is
ox
J

exactly the directional derivative

L filatte;) — fila)

t—0 t
of the i-th component of f along the direction e; € R™. O
Corollary 1.7.4. — In the above setting, if f is differentiable at a, then for all i € {1,...,m}, j €

{1,...,n}, the partial derivatives gﬁ; (a) exists, and the matriz
af af
Tﬁ(a) . alj;ln
(1.7.3) : 3 :
Ofm Ofm
a{,;l (@) --- aj;n (a)

is exactly the matriz for the linear map df(a) : R™ — R™ with respect to the standard basis of R™ and
R™.

Proof. — The existence part follows directly from Proposition 1.6.3, Proposition 1.2.16 and the above
Proposition 1.7.3. For the matrix part, just note that the (4, j)-entry for the matrix of df(a) is precisely
the number

Ofi
Win (df(a).ej,m> =dfi(a).ejm = axfj(a),
where the first equality follows from the chain rule and Proposition 1.2.16 again, and the second from
Proposition 1.7.3. O

Definition 1.7.5. — When all the partial derivatives of f at a exist, the matrix (1.7.3) is called the
Jacobian matrix of f at a, after the German mathematician Carl Jacobi. This matrix is often denoted
by

(1.7.4) Jf(a)

C 021, my) \Ox5 ),

or simply by (gﬂ’; 3 ) When m = n, the determinant of the Jacobian matrix J f(a) is called the Jacobian

of f at a, and is often denoted by
ofi
|Jf(a)| = |0(f1,--., fn)|O(z1,...,20) = ’(8 )‘
Ty
Remark 1.7.6. — It follows from Corollary 1.7.4 that the matrix under the standard basis for df(a) :
R™ — R™ is exactly the Jacobian matrix J f(a). But conversely, if the Jacobian matrix J f(a) exists, i.e.
if all partial derivatives of f exist at certain a € U does not imply the existence of the total derivative
df(a). As a counter-example, see the map g : R? — R in (1.6.15) at the point 0 = (0,0) € R2.

22



Nevertheless, if gg L (a) exists for each ¢, j, and a € U, and if each ggﬁ (a) is continuous as a function of
J J

a €U on U, then f:U — R™ is of class C'' according to Proposition 1.6.7.
In the special case of m = 1, the above f : U — R has only one component functions, and the Jacobian
matrix J f(a) becomes the row vector

of of
1.7.5 — e R™.
(175 (@) €
Definition 1.7.7. — In vector analysis, the row vector (1.7.5) is also called the gradient of f at a,

and is often denoted by grad f(a), or by Vf(a). The symbol V is known as the nabla operator.

Definition 1.7.8. — Keep the above general setting f : U — R™ with U C R™ open and a €

Ofi
U. Suppose &f

(z) exists for all z in a neighborhood of a, then STJ:; is a well-defined map from this

neighborhood of a to R™. If this latter map is partially differentiable with respect to the k-th variable,
0

the number
0| (o
Ozxyla \ Oz

is termed the mixed derivative (of order 2) of the i-th component of f first with respect to the j-th,
then with respect to the k-th component at a. We often denote the mixed derivative (1.7.6) by
82 fz' 82
a) or
8xk8xj 8xk8x]
One may continue the process to define mixed derivatives of higher order by the induction on the

order, i.e. the number of times of taking partial derivatives, at a. More precisely, if the mixed derivatives
of order I — 1

(1.7.6)

(1.7.7)

3
a

8l_1 fi 81—1
1.7.8 = :
(178) Owjy_, -+ Oxj, @) dwjy_, -+ Oy J
exist for all z in a neighborhood of a, and j; an index in {1,...,n}, then we call the number (if it exists)
0 o1 i 0 o1 i
(1.7.9) / = ( / ) (a)
Owj laOxj,_, -+ Oxy  Owy \Oxj,_, -~ Oy,
the mixed derivative of order [ of the i-th component of f at a by taking partial derivatives with
respect to x;,, T ,, ..., ; consecutively, and denote it by
alfi al
(1.7.10) (x) = fi-
Owj,0xj,_, - - Oxj, 0w, 0xj,_, -+ Oz, la

The following result says that when taking mixed derivatives, as long as the function has enough
regularity, the order with respect to which we take the partial derivatives is of minor importance.
Proposition 1.7.9. — Let U CR" be open, a € U, k € NT andl € NT withl < k. Ifamap f : U - R
is differentiable up to order k € NT, then every mized derivatives of f of order | at a exists. Moreover, if

i1y...,0; and j1,...,J; are two sequences of indices in {1,...,n} that are a rearrangement of each other,
then
of of

1.7.11 a) = a).

( ) 326”833“( ) 8(Ejl~-~(9$jl( )
Proof. — This is an easy consequence of various results we have obtained so far, with the key part being
Proposition 1.5.6. The details are left as an exercise. O
Notation 1.7.10 (The multi-index notation). — Given an n-tuple « = (o, ..., ) with each

a; € N (so0 it could happen that some a; = 0), we will write

(1.7.12) ol =3
i=1

and call it the order of a. We also write

(1.7.13) 2% = g% ... g

n
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and

8\f¥| B o O%n

1.7.14 — _ 0.
(1.7.14) ox®  Oxy---0xy Oy, - Oy

where in (1.7.14), the part
0% 0%

(1.7.15) T re—r

means taking the operation % repeatedly for |a;| times, and by convention, if a; = 0, (1.7.15) is just

the identity.

Thus in the setting of Proposition 1.7.9, if |a| =1, and if the index i occurred in (i1, ...,4) exactly o
times, we will write the mized derivative (1.7.11) simply as
o~ o~
(1.7.16) #(a), pre af or just Oa f(x0)-

We will see in the exercises some basic properties and usage of this neat multi-index notation.

1.8. Banach Space Valued Integrals of a Map of One Real Variable

Fix a Banach space E and a compact interval [a, b] in R. We diverge to talk about E-valued integrals
on [a,b]. We give a quick treatment for f; f when f: [a,b] — E is continuous, using approximation by
step functions. In the exercise session, we will see an alternative (but slightly more involved) treatment
using the more familiar Riemann sums.

Definition 1.8.1. — A map f : [a,b] — E is called an F-valued step function, or simply a step
function, if there exists a partition a = to < t; < --- < t, = bof [a,b], such that the restriction f [1;,_, +
is constant for every 1 <7 < n. Let ¢; € E be the constant value for f [},,_, [, the (Riemann) integral

of f, denoted by f: f(t)dt, or simply by f: f, is defined as

b n
(1.8.1) / FO)dt =>"cilt; —tio).
a i=1

Remark 1.8.2. — 1t is clear that whenever we have a refinement a = so < 51 < --- < 8, = b of the
partition (t;)o<i<n, we still have f Ns;1.s;, 1 < J < m is constant. Hence, we should, according to
Definition 1.8.1, assign f(f f(t)dt to a similar sum using the partition (s;)o<j<m. We leave as an exercise
to check that the integral in (1.8.1) actually does not depend on the choice of the partition (¢;)o<i<n for
which each f [};,_, ;[ is constant, hence the integral f; f(t)dt for a step function f is well-defined.
Notation 1.8.3. ([a,b], E) to denote the space of step functions from [a,b] to E. It is clear
that S([a, b], E) is stable under scalar multiplication, pointwise sum and pointwise product.
Proposition 1.8.4. — The following hold.

(1) (Linearity of f;) For all f,g € S([a,b],E), we have f;(f +g) = flff + fab g; and for all ¢ € R,

f €5(la,b], E), we have [ (cf) =c o f.

(2) For each f € S([a,b], E), we have
b b
[ war) < [l

(3) For each f € S([a,b], E) and each c € ]a, b, we have

(1.8.3) /f t)dt = /f dt+/ f(t)

Proof. — (1). The additivity can be checked by using a common refinement of suitable partitions for f
and g, while the homogeneity is obtained by directly applying (1.8.1).

(1.8.2)
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(2). Using the notation in defining (1.8.1), we have

b n b
[ <Yl — i) = [ 50l
a i=1 a

where the inequality follows from the triangle inequality of the norm.
(3). Let (t;)7_, be a partition of [a,b] such that f restricts to a constant on each interval ]t;_1,%;].
Either ¢ = t; for some i, or ¢ € Jt;_1,t;| for some i. Adding ¢ to the partition (see Remark 1.8.2), we

n

Z ci(ti —ti—1)

i=1

(1.8.4)

may always assume that ¢ = ¢; for some . Then (1.8.3) follows immediately using this partition. O

We now proceed to treat the F-valued Riemann integrals of f : [a,b] — E when f is continuous.
Proposition 1.8.5. — Let E be a Banach space and [a,b] a compact interval. Suppose f : [a,b] — E
is continuous. For each € > 0, we set

If = 9llo == sup |f(t) —g(t)] < s}.

t€la,b]

(1.8.5) Sf(e) == {g € S([a,b], E)

Then the following hold.

(1) The set Sy(e) # 0.
(2) For all g1,92 € S¢(e), we have

b b
/91—/ g2
a a

g€ S’f(a)} C B(n,2¢la — b)).

(1.8.6) llgr — g2l < 2e and | < 2e(b—a).

(3) There exists a unique n € E, such that

(1.8.7) Ve >0, {/bg

Proof. — (1). The key is the compactness of [a,b]. For each t € [a,b], by continuity of f at ¢, we may
find an r; > 0, such that

€
(1.8.8) S EJt—2r,t+2r[Na,b] = |f(t) — f(s)] < 7
Since |t — r¢,t + 1¢[, t € [a,b] form an open cover of the compact [a,b], this open cover admits a finite
subcover, i.e. there exists a finite sequence t1,...,t, in [a,b] with
(1.8.9) [a,b] CUN i — ey, ti + 7, [

Set § := minj<;<, 1y, > 0. Now take any s1,s2 € [a,b] with |s1 — so| < J, we have s1 € Jt; — g, t + 74, [,
and |s; — sa| < 0 < ry, implies that

(1.8.10) 81,82 € Jti — 2ry,, t; + 2r, [N [a, b).

It follows from (1.8.10) and (1.8.8) that

(1.8.11) [F(s1) = Fls2)| S F(s) = F8)] + | fls2) = ft) S S+ 5 =<
Therefore, we have established

(1.8.12) Vs1, 82 € [a,b], |s1—s2| <6 = |f(s1) — f(s2)| <e.

Now choose an N € N big enough so that N=1(b —a) < §, and let (s;)), be the partition of [a, b] into

N equal parts. Set gn € S([a, b], E) to be the step function defined by gn(s) = f(s;) if s € [s4, s;41[ for

some 1 <i < N —1 and gn(sy) = f(b). It follows from the definition of g and (1.8.12) that g € S¢(e).
(2). Clearly

(1.8.13) lgr = g2lloe < llgr = fII + llg2 = Sl < 2e.
Moreover, by Proposition 1.8.4, we have

b b
/91—/ g2
a a

b b
(1.8.14) g/ g1 (8) — ga(8) 1t g/ lg1 — gsll . < 2¢(b— a).
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(3) follows from (2) by noting that in a complete metric space, the intersection of a decreasing sequence
of closed balls whose radii converge to 0 is a (unique) singleton. The details are left as an exercise. [

Definition 1.8.6. — In the setting of Proposition 1.8.5, we call  the Riemann integral of the
continuous map f, and write

(1.8.15) n=/abf=/abf(t)dt

We have a parallel result for Proposition 1.8.4 concerning integrals of continuous maps.
Proposition 1.8.7. — The following hold.

(1) (Linearity of ff) For all f,g € C(la,b], E), we have f;(f +g) = fff + fab g; and for all c € R,

f € C(la,b], E), we have f:(cf) = cfff.
(2) For each f € C([a,b], E), we have

b b
/ﬂMts/www.

(3) For each f € C([a,b], E) and each c € ]a,b], we have

(1.8.17) /f t)dt = /f dt+/ F(t)

Proof. — This follows from Proposition 1.8.4 by a routine approximation procedure. The details are left
as an exercise. O

(1.8.16)

The following result is useful when we study differentiation under the integral sign.

Proposition 1.8.8. — Let E be a normed space, F' a Banach space, [a,b] a compact interval, and

f € C([a,b],L(E,F)). Then f ft)dt € L(E,F) is the bounded linear operator sending each £ € E to
b

Ja (F(B)€)dt.

Proof. — For £ = 0, this is obvious. We thus suppose £ # 0 in the sequel. The evaluation at £ is a
continuous map L(E,F) — F, hence f¢(t) := f(t)§ defines a continuous map g € C([a,b], F). Thus
f; (f(H)€)dt = f; fe makes sense. Let ¢ > 0 and choose a g € Sy(¢). We have

(1.8.18) vt ela,b],  lge(t) = fe@N < llg(®) — FOI - IE] < ll€]le-
Hence g¢ € Sf(||€]l€). By Proposition 1.8.7, we have

(1.8.19) <e(b—a),
and

b b
(1.8.20) ‘/ﬁ—/gséw—wﬂh

It is clear that for the step function g, we have

(1.8.21) </abg>§/abgg/ab(g(t)€)dt

Applying the bounded linear operator fb(f — g) to &, we have, by (1.8.19), that

(Lo L)s

It follows from (1.8.20), (1.8.21) and (1.8.22) that

(1.8.23) H( )g—/ f(t)edt
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(1.8.22) <e(b—a)l¢ll-

< 2e(b — a)[¢]l-




Since ¢ is arbitrary, (1.8.23) implies that

(1.8.24) (lbf>§:ilbfﬁﬁdt

and the Proposition is proved. O

We will also need the following version of the fundamental theorem of calculus.
Proposition 1.8.9. — Let E be a Banach space, [a,b] an interval in R, and f : [a,b] — E a continuous
map. Define F(t) := f; f(s)ds for each t € la,b[, then F :la,b] — E is differentiable with F'(t) = f(t)
for every t € la, b[.
Proof. — Let ff = — fﬁa if 5 < a. With this convention, we have, whenever ¢t € ]Ja,b[ and h € R with
t+h € Ja, b, that

t+h
(1.8.25) F@+hy—Fw—Jﬁ@y=[ (f(s) = f(t))ds.

The continuity of f at ¢ implies that for each € > 0, there exists 6 > 0 such that whenever |h| < §, we
have [t — |h|, ¢+ |h|] C ]a,b], and |f(s) — f(t)| < e for any s € [t — |h|,t + |h|]. Thus |f(s) — f(t)] < e for
any s between t and ¢t + h. A routine discussion of cases according to h being positive or negative shows
that

(1.8.26) Vh €]-6,4], |F(t+h)— F(t) —hf(t)] <elh|
And (1.8.26) shows that F' is differentiable at ¢ with F'(t) = f(¢). O

The following result of evaluating a Riemann integral of a continuous map using its anti-derivate is
useful when we study Taylor formula in § 1.10.
Corollary 1.8.10 (Fundamental theorem of calculus, Banach space valued version)

Let E be a Banach space and [a,b] a compact interval, ¢ : [a,b] = E continuous. If ® : [a,b] — F is
continuous and ® is differentiable at any t € la, b] with ®'(t) = (t), then f: o(t)dt = ®(b) — P(a).
Proof. — Define ¥(t) = fat @¢(s)ds. Then U : [a,b] — E is continuous by Proposition 1.8.7. Moreover,
¥ — @ is continuous, and (¥ — @)/ (¢) = ¢(t) — ¢(t) = 0 for any ¢ € Ja,b[. Thus ¥ — ® is constant on
Ja, b, hence constant on [a, b] by continuity. Consequently, we have

b
(1.8.27) / F(O)dt = B(b) — U(a) = B(b) — B(a)

as desired. 0

1.9. Integrals Depending on a Parameter

Integrals depending on a parameter is a very useful tool. We now describe some basic results in this
topic. Deeper results require the theory of Lebesgue integrals and will be presented in later courses.

In these notes, we focus on real-valued functions so that the familiar theory of Riemann integrals can
be applied. In the exercise session, we will see that these results can be generalized to Banach space
valued maps without much difficulty.

To set the stage up, consider a normed space E, a Banach space F', an open set U C F, and a compact
interval [a,b] in R. Note that [a,b] X U is a subset of the product normed space R x F, hence is a metric
space with the metric induced from the norm on R x E. Let

(1.9.1) fila, 0] xU = F
be a map such that for each fixed £ € U, the map
fe i la, bl = F
(1.9.2) el
t= f(t,€)
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is continuous, hence we can take its Riemann integral as in § 1.8. Set

b b
(1.9.3) o€) = [ st = [ s

We regard £ € U as a parameter for the integrals on the right side of (1.9.3).
Before we proceed further, we record a particular instance of the so-called “tube lemma’.
Lemma 1.9.1. — Using the above setting, suppose & € U and W is an open set in [a,b] x U. If
[a,b] x {&o} C W, then there exists an open neighborhood. V' of &y, such that [a,b] x V C W.
Proof. — For each t € [a,b], since W is open in [a,b] X U, there exists r; > 0, such that

(1.9.4) B((t,go)mt) A ([a,b] x U) C W.
Note the convention of the norm on R x E made in Notation 1.6.2, inside R x E, we have

(1.9.5) B((t,go),rt) = B(t,74) x B(Eo, 7).

By compactness of [a,b] and the fact that B(t,r¢), t € [a,b] form an open cover of [a, b], there exists a
finite sequence t1,...,t, in [a,b], such that

(1.9.6) la,b] C UL B (ti,rt,) -

Set r := minj<;<, 7, > 0. We claim that V' = B(&,t)NU is a desired open neighborhood of &y. Indeed,
for each (t, &) € [a,b] x V, by (1.9.6), we have t € B(t;,r,) for some index i. On the other hand, for the
same i, we also have £ € V C B(&y,r) C B(§o,71;). It follows from (1.9.5) and (1.9.4) that

(19.7) (t:€) € B((t,€0),7) 01 (la,b] x U) S W,
which establishes [a,b] x V C W. O

Proposition 1.9.2 (Continuous dependence on the parameter)

In the above setting, if f : [a,b] x U — F is continuous, then the map g : U — F, & — g(§) is also
continuous.
Proof. — Take any &, € U, we wish to establish the continuity of g at ;. Take an arbitrary ¢ > 0. By
continuity of f, the set

(1:9.8) W= {6 € ol x U | 1£(6.) = f(t.80)]| < <}

is open in [a,b] x U. Obviously, [a,b] x {5} € W. Hence by Lemma 1.9.1, there exists an open
neighborhood V' of &, such that [a,b] x V' C W. Consequently,

b
< / 1£(t:60) — F(t,€)dE < (b — a).

b
(1.9.9) veeV,  g(&) —g(é)ll = | / (f(t, &) — f(t,€))dt

Since V is an open neighborhood of & and € > 0 is arbitrary, (1.9.9) implies the desired continuity of g
at &, which finishes the proof. O

With Proposition 1.9.2 as preparation, we now establish the following result concerning the validity
of differentiation under the integral sign.
Proposition 1.9.3 (Differentiation under the integral sign). — Using the above setting, assume
further that f(t,&) is partially differentiable with respect to &, and that

(1) The map f : [a,b] x U — F is continuous.
(2) The partial derivative Oof : [a,b] x U — L(E, F) is continuous.

Then g is differentiable and

b
(1.9.10) VeeU,  dg() = / De (1, €)dt.
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Proof. — Fix an arbitrary & € U. Since U is open, we may choose an r > 0 with B(§y,r) C U. Given
any € > 0, it suffices to show that by shrinking r > 0 if necessary, we have

b
9(&o +n) —g(&) — (/ 3£f(t>§0)dt> n

By definition of ¢ as well as Proposition 1.8.8, we have

(1.9.11) Vn e B(0,r) CE, <e(b—a)nll.

b b
(1.9.12) 9(&o +n) —g(6) — (/ 3§f(t7§o)dt> n= / p(t,n)dt.
where
(1.9.13) p(t,n) == f(t, & +n) — f(t, &) — 2 f(t,50)n-

Apply the mean value theorem to «(s) := p(t, sn), we obtain

ot = lla(1) = a() < sup [[(0af(t €+ sm) — 221t 0) )
(1.9.14) s€lo.1]
< lnll sup 192 (2, + 5m) — B2f (¢, &) |-

s€]0,1]
Now consider the map
v :a,b] x B(0,r) = L(E, F)
(t,0) = D2 f(t, &0 + ¢) — O2f (¢, &o)-
Then (2) implies that 7 is continuous with 7(:,¢) = 0. Hence v~* (B (g,)(0,€)) is an open subset of

the metric space [a,b] x U containing [a, b] x {0}. By Lemma 1.9.1, shrinking = > 0 if necessary, we may
assume that

(1.9.15)

(1.9.16) [a,b] x Bg(0,7) €y~ (Bg(m,m(0,€)) -
It now follows from (1.9.16) and (1.9.16) that
(1.9.17) V(t,n) € [a,0] x B(0,r), |lp(t,n)| <ellnl.
Hence
b b
(1.9.18) vne B, | [ ot < [t < <o - o).
It follows from (1.9.18) and (1.9.18) that (1.9.11) holds, and the proof is complete. O
Corollary 1.9.4 (Smooth dependence on the parameter). — Keep the same hypothesis as in

Proposition 1.9.3 and assume further inductively that 8§O)f = f, and for each k € NT, the map aékfl)f :
[a,b] x U — Lr_1(E, F) (see Remark 1.5.5 for the latter notation) is partially differentiable with respect
to the second variable, and 8§k)f a,b] x U = Li(E, F) is continuous. Then g is smooth.

Proof. — Just apply Proposition 1.9.3 repeatedly. O

1.10. Taylor’s Formula and Local Extrema

Lemma 1.10.1. — Let E, F, G be normed spaces, I = ]a,b[ an open interval in R and p € NT.
Suppose f € CP(I,E), g€ CP(I,F), and [-,-] : E X F — G a bounded bilinear map. Then

(1.10.1) [f,dPg] — ()P [dPf,g] = d (Z(_l)k [dkﬁ dplk;g]) .

k=0
Proof. — Note that by the chain rule and Example 1.3.3, for any k € {1,...,p — 1}, we have

(1.10.2) (—DFd [d*f,dP R g] = (=1)Fd [a" f,dPFg] — (=1)F [d¥Ff,dP T R
Summing (1.10.2) over k =0,...,p — 1 proves (1.10.1). O



Proposition 1.10.2. — Let I = |a,b] be an open interval, ty € ]a,b] and E a Banach space. If
feCP(I,E), then for any t € |a,b|, we have
-1,

bt —s)pt
(1.10.3) F(to) Z (¢ — to)* +/ U= 8" 10 ()¢ — 1) P Vs,
k= t[) (p - 1)'
Proof. — Apply Lemma 1.10.1 by taking g(s) = (—1)? (t(;i)f;!l and [-,-] : R x R — R the multiplication
(a,b) — ab, we obtain
Vs € ]a, b], - (t(_ s)"” ol f(p)( )

(=)
(1.10.4) = (Z(—l)’”p“pl’“)f(’“)(S)k,)

k=0 .

p- (t—s)k\
—(kz_oﬂ’“)(s) o )

where all derivatives are taken against the variable s. Integrate (1.10.4) from ¢y to t and apply Corol-
lary 1.8.10, we obtain (1.10.3). O

Definition 1.10.3. — Formula (1.10.3) is called the Taylor formula of f near ¢y of order p — 1 with
integral remainder. If f is smooth, we call the power series (on the variable t)

o ¢k
(1.10.5) flto)+> P (t) (t —to)"

k=1
the Taylor series of f at .
Remark 1.10.4. — In general, the Taylor series does not converge, and even if it does, it does not
necessarily converges to f(t) for ¢ near tg. As a counter-example, consider the function f : R — R defined
by

0, if t <0;
1.10.6 t) = 1
( ) fe) e"t, ift>0.

We have seen in the exercise that f is smooth, and f*)(0) = 0 for any k € N, so the Taylor series for f
at 0 is 0, nevertheless f is not the zero function on any neighborhood of 0.

Even though there are negative phenomenon as explained in Remark 1.10.4, the Taylor formula still
enjoys some sort of “good approximation”. We elaborate this point in a more general setting.
Proposition 1.10.5 (General Taylor’s Formula with the Integral Remainder)

Let E be a normed space, F a Banach spaces, U C E open, xo € U and f € CP(U,F) for some
p € N*. Then for any r > 0 with B(xo,r) C U, we have for any & € B(0,r), that

p—1 1 -1
1 1-t)P

(L07) oo +8) = Jo0) + 3 gl + [ T o + e — )69,

— k! o (-1
where d¥ f(xg) is regarded as a symmetric k-linear map from E* to F as explained in Proposition 1.5.6,
and €*) denotes the vector in E* with each component being €. In particular, for any € > 0, there exists
r(e) > 0, such that
< efel”.

(1.108) v € B(0,7(2)), Hﬂmo +6) - (f(wo) +>° ;dkﬂxo).s(“)

k=1

Proof. — Formula (1.10.7) follows from Proposition 1.10.2 by considering the map ¢(t) = f(zq + t£)
defined on [0, 1]. Note that

11 pyp—1
(1.10.9) /0 (1(pt)1p)!dpf(xo).g(p)dt:;d”f(xo).f(p)
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by Corollary 1.8.10. It follows from (1.10.7) that

vEe B(0,r),  f(zo+&) — Z k'dk o).
(1.10.10) ) o
_ /0 % [ (w0 + t€) — dP f(20)] £Pat
Since f € CP(U, E), there exists r(c) € ]0, 7| such that
(1.10.11) Vne B(0,r(e),  |ld”f(zo+n) — dPf(zo)|| < ple.

Thus it follows from (1.10.10), (1.10.11) and Proposition 1.8.7 that

Ve € B(0,r(e)), flao+€) — Zk,dk 20).£®)

(1.10.12) g/o (1(p_t)p)1||dfxo+t§) d? f (o) || - [I€[["d¢

(1—t)"~
<ple||& p/ 7dt*5 &P
€]l T 1€11%,
which finishes the proof. O

As an application of the Taylor formula, we now turn to the study of local extrema of functions.
Definition 1.10.6. — Let E be a normed space, U C F open, zg € U and f: U — R a function. We
say that f achieves its local maximum(resp. local minimum) at x, if there exists a neighborhood V'
of zg in U, such that f(z) < f(xo) (resp. f(x) > f(zo)) for any xz € V.

The following result is natural as we are already familiar with its one-dimensional case.
Proposition 1.10.7. — Let E be a normed space, U C E open, g € U and f : U — R a function that
achieves its local mazimum (resp. minimum) at xo. For any & € E, if the directional derivative of f at
xo along & exists, then this directional derivative is 0. In particular, if df(xo) € L(E,R) = E' euxists,
then df(zg) = 0.

Proof. — Just apply the one-dimensional result to a(t) := f(xo + t£) defined in a neighborhood of
0: note that a achieves its local maximum (resp. minimum) at 0, hence o’(0), which exists since it is
exactly the directional derivative of f at xg along the direction &, must be 0. The rest follows from
Proposition 1.2.16. O

Proposition 1.10.7 gives a necessary condition for a function to achieve its local extrema. In general,
it is however, not sufficient, as demonstrated by the one-dimensional example f(x) = 23, x € R near
the point = 0. Using our general version of Taylor’s formula, we may derive a sufficient condition as
follows.

Proposition 1.10.8. — Let E be a normed space, U C E open, xg € U and f : U — R a C?-function.

(1) Ifdf(zo) =0 and

1.10.13 inf  d?f(z20).6@ >0
( ) cer oy flxo).&

then f achieves its local mazimum at xo, and there exists a neighborhood V- C U of xy such that

F7H(f (o) = {wo}).
(2) If df(zo) =0 and

(11014) sup d2f(x0)§(2) < 0’
EEE, |I€lI=1

then f achieves its local mazimum at xg, and there exists a neighborhood V. C U of xg such that
fﬁl(f(xo) = {fo})-
Proof. — We only prove (1), as (2) then follows by symmetry or simply by considering —f. Set

1.10.15 c:= min d%f(z0).6@ > 0.
( ) e f(20).£
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Then by Proposition 1.10.5, we see that for each & > 0, there exists r(g) > 0, such that B(zo,r(e)) CU
and

(110.16) E€BOrE), | S0+ )~ df(ro)€ — 5 (z0)6?
Since df(xo) = 0, it follows from (1.10.16) that

Ve € BOrE)\ 0}, flao+8) > flro) + 5% Fa0) €2 — el
(2
(11017) > f(a0) + P (;azﬂa:o).(”ﬁ) )
> f(zo) + g1 (5 — <) -

2
< ell¢ll”

Hence it suffices to take V' = B(xo,7(¢)) for any positive ¢ < §. O
Definition 1.10.9. — In Proposition 1.10.8, when E = R", it is easy to see that
Vl,j € {1,...,71}, de(.TO)-(ei,e‘) = 82f (-’150)7
J 5':528%
hence
2 - §

1.10.1 R" = T Y.

(1.10.18) Vo,y € R", d*f(zo)(z,y) ”2:1 02,0z, (z0)Tiy;
The symmetric (why?) matrix (%(mo)) e is called the Hessian (or Hessian matrix) of f at

192y 1<i,j<n

xo, and is often denoted by Hess f(x¢) or simply by H f(x).
Remark 1.10.10. — Tt follows from Proposition 1.10.5 that a C? function f : U C R® — R can be
locally approximated up to order 2 using the gradient and the Hessian of f, namely,

(1.10.19) Flao +&) = f(z0) + Vf(20).£T + EH f(xo)ET + o([I€]1°),

where vectors in R™ are regarded as row vectors, and z¢ € U, £ € B(0,r) with B(0,7) C U for some
r > 0. This observation is one of the key idea in Morse Lemma (see § 1.15), which is the starting point
of a beautiful branch of mathematics known as the Morse theory.

Corollary 1.10.11. — Let n € N*, U C R", 29 € U and f € C?*(U,R). If Vf(zo) = 0 and
if the Hessian matriz H f(xq) is strictly positive (resp. strictly negative) definite, then there exists a
neighborhood V-C U of xg such that xg is the unique point in V at which f assumes its minimum (resp.
mazximum) value on V.

Proof. — Since the unit (n — 1)-sphere S"~! = {& € R" | ||z|| = 1} is compact in R", the continuous
map o : S" 1 = R, € — d2f(z0).£®) = £.Hf(x0).£T assumes its minimum a(&) at some & € S™~ 1.
Since the Hessian matrix H f(xg) is strictly positive (resp. strictly negative) definite, the corollary now

follows from Proposition 1.10.8. O
Remark 1.10.12. — More generally, in the setting of Definition 1.10.9 with f € CP(U,R), for a
multi-index o = (aq, ..., ap) with |a| < p, using the multi-index notation (Notation 1.7.10), by an easy

induction argument, we have

(1.10.20) Al f(zo)(er, .. ve1s s en, . en) = Oaf(20),

where each e; appears exactly «; times on the left side of (1.10.20). In this case, it is easy to see (again
by induction for example) that

k!
(1.10.21) VE= (&) R, dFf(20)6W = D" =0af(x0)2”,
a, lal=k @
where the sum is taken over all multi-index @ = (a1,...,a,) with |o| = k and a! := aq! - «,!. The

coefficient 2—', has a combinatorial meaning, it is the coefficient of z® in the expansion of (x +-- -+ x,)¥.

We often rewrite Taylor’s formula (1.10.7) using (1.10.21) in the case where E = R™ and F = R.
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1.11. The Contraction Mapping Principle

Definition 1.11.1. — A map f: X — X from a metric space (X, d) to itself is called a contraction,
if there exists k € |0, 1], such that

(1.11.1) Vo, zo € X, d(f(z1), f(2)) < kd(z1, 22).

It is obvious that each contraction is continuous.
Remark 1.11.2. — We will be mainly interested in the fixed point of a contraction. From the definition,
it is immediate that the fixed point of a contraction f must be unique if it exists. Indeed, if f(z;) = z;,
i =1,2, then

(1.11.2) d(@1, 2) = d(f(z1), f(22)) < kd(z1,22),

which forces d(z1,22) = 0, hence x1 = 5.

The following result provides a key technical tool in establishing the inverse and implicit function
theorem.
Proposition 1.11.3 (The Contraction Mapping Principle). — Let (X, d) be a complete(®) metric
space, and f : X — X a contraction, then f admits a unique fized point.
Proof. — The uniqueness part is already seen in Remark 1.11.2. To see the existence part, take any
xo € X, define a sequence (x,,) in X inductively by letting x,, = f(z,_1) for all n € N*. Then we have,
for each n € NT, that

(1.11.3) kM A2, 2g0) = k- OTVA(f(2n), f(@ni1)) < k(@0 Tn1) < - < d(o, 21),
thus
(1.11.4) d(xp, Tpy1) < E™d(zg, 21).

From (1.11.4) and the triangle inequality, we have the estimation

m—1 m—1

(1.11.5) AT, Tppm) < Y A@ngio1, Tngs) < D KT d(wg, 1) <

i=1 i=1

where k € ]0,1] is a constant such that (1.11.1) holds. It follows from (1.11.5) that (z,) is a Cauchy
sequence in (X, d), hence convergent by completeness. Set xo, = lim, o ©, € X, by the continuity of
f, we have

n

1—

kd(x()al'l)a

(1.11.6) oo = nh_}rrgo Tpt1 = nh_}rrgo flxn)=f (nh_{rgo mn> = f(zo0),
and T is a (hence the unique) fixed point of f. O

1.12. The Inverse and Implicit Mapping Theorem

Theorem 1.12.1 (Inverse Mapping Theorem (IMT), aka. Inverse Function Theorem (IFT))
Let E, F be Banach spaces, U C E open, zg € U, and f : U — F a map of class CP (p € Nt U{cc}).

If Ay := df(zo) is an isomorphism from E onto F', then there exists an open neighborhood V' of xg in
U, such that

(1) W= f(V) is open in F and contains yo := f(x0);

(2) the restriction of [ is a bijection from V onto W;

(3) the inverse map g: W =V, f(x) — x is also of class CP;

(4) dg(yo) = 45

(6)We tacitly require that complete metric space must be non-empty.
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Proof. — Let r > 0 be so small that B(zg,2r) C U, and
T |
(1.12.1) Vx € B(zo,r), ldf(z) — Aol < f||A0 1“ ,

which is possible since df is continuous. Set s = (2||Ag||)~!r and Wy := B(yo, s). For each y € B(yo, s),
define (see Remark 1.12.2 for the motivation)

Sy:U—F
za+ Ayt (y - f(2)).
Clearly S, is of class C?, and S, () = z if and only if y = f(x). Moreover, by (1.12.1),
Va € B(zo,r),  [|dS,(2)]| = [|[Id—Ag"'df ()| = || 45 ' (Ao — df(2))]]

(1.12.2)

(1.12.3)
<N45" - 140 — a7 (@) < 5.

We claim that Sy is contraction from B(xzg,r) to itself for any y € Wy. Indeed, for all 21,29 € B(zo,7)
with z1 # x2, we have x1+t(z2—z1) € B(xo,r) for all t € ]0, 1], hence by setting a(t) = Sy (z1+t(z2—2x1)),
t € [0,1] and apply the mean value theorem, we obtain

Yy € Wo, [Sy(z1) = Sy(x2)]| = la(l) — a(0)]| < tS]lépl[HO/(t)H
€lo,
= sup [|dS,(z1 +t(z2 — 1)).(v2 — 21|
(1.12.4) t€]0,1]
o <z — 1| - sup [|dS, (21 + t(z2 — 1))
t€]0,1]
< 1|
<3 |z — z1],

where the last inequality follows from (1.12.3). On the other hand, for each = € B(xq,r), we have
vy € Blyo,s)  [1Sy(2) — zoll = [|Sy(a) — Sy(z0) + A5 (y — w0

< 1Sy () = Sy (o)l + || Ag | - ly — woll
1.12.5 1 _
e < M=ol + sla7")

< T T -

=5 + 5=

Our claim that for any y € Wy, the map S, is a contraction from B(zg,r) to itself now follows from
(1.12.4) and (1.12.5). Now by the contraction mapping principle (Proposition 1.11.3), for each y € Wy,
there exists a unique xz € B(xo,r), such that Sy(z) = x, and we define this « to be g(y). Since f
is continuous, the inverse image Vy := f~1(Wj) is an open set. We now set V := Vj N B(zg,r) and
W := f(V), then V is open and xy € V. To see that W is also open is slightly more involved. First,
note that df(x) is invertible for each x € B(zo,r), since

(1.12.6) af () = Ao — (A — df (@) = Ao(1d - 47" (4o - df (x)))
with HA (Ag — df(x))|| < & (see (1.12.3), and Example 1.3.5). The above reasoning shows that
(1.12.7) f(B(xo,2r)) 2 f(B(o,7)) 2 W,

hence, we’ve established the fact that if df(xg) is invertible, then there exists a neighborhood of xg
whose image under f is a neighborhood of f(xo). Apply this fact to f|p(s,,r), for which the derivative
is everywhere invertible, and we see that f : B(xg,7) — F is an open map. In particular, W = f(V) is
open and z¢ € V implies yg = f(z¢) € W. Clearly, the restriction f : W — V is bijective and the inverse
g:V — W is continuous. So far, we have established (1) and (2).

To finish the proof, it suffices to establish (4), since then (3) follows from the chain rule and the
smoothness of the inverse map v : Iso(E, F') — Iso(F, E) in Example 1.3.5 (see Example 1.5.8). For all
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y € W, we have, by definition of g that S,(g(y)) = g(y). Hence
9(y) — 9(yo) = Sy(9(y)) = Syo (9(y)) + Sys (9(¥)) — Syo(9(w0))

2 = 45 = 10) + (Sun0(0) — Suu(a(w0))).
hence
(1.129) vye W,  |lg(y) — g(vo) — A5 (y — vo)|| = 1S40 (9(v)) = Sy (9(10)) || < L9@) - (o)1l
thus
vyew,  |AGM] - lly — woll > ||Ag (v — o) ||
(1.12.10) > lg(v) — 9(wo)l = [l9(v) — 9(vo) — A" (v — wo)|

v

Sl9w) — a(wo)ll

or equivalently(”),

(L12.11) wew, o) - 9ol < 245" - lly - oll

Now observe that

(11212) Wy e W,  Syu(9(y) = Sulolwo)) = (o) — A5 Fla(w)) = (9(w0) — AT F(9(w0)))-

Note g(W) =V, (1.12.12) leads us to consider the map

h:V—FE
1.12.13
( ) xHx_Aalf(x)7

which is clearly CP with dh(zg) = 0. Now take any € > 0. From the continuity of dh, we may find a
small open ball V. := B(zg,r.) inside V such that

(1.12.14) z eV, = |[ldh(z)| <e.
By Corollary 1.4.3, we see that
(1.12.15) Ve, 20 € Ve CV, 1h(ze) — h(z2)|| < ellxe — x2]|-

Set W, := ¢g~(V.), which is an open neighborhood of yo since g is continuous and yo = g(xg), by
(1.12.11), (1.12.12), (1.12.15) and also (1.12.9), we have

VyeWe,  law) —9(yo) — Ay (v — wo)|| = 15y, (9(¥)) — Syo (9(v0))
= [|h(g(y)) — h(g(vo))ll
<ellg(y) — 9(vo)|
< 2]l A5 - lly = woll,

(1.12.16)

which implies (4) since ¢ is arbitrary. O

Remark 1.12.2. — We now explain why we define S, in the form of (1.12.2). The problem we wish
to settle at this stage is that for any y near yo, we want to find an z near xy that solves the equation
f(zy) = y. Imagine we don’t have a precise value for such an z,, but we do have a good guess, say z, then
the difference y — f(x) is small, in which case, we know this difference should be roughly d f(z).(z, — ).
On the other hand, df(z) should be close to Ay = df(z) since df is continuous. We thus have

(1.12.17) y — f@) ~ Ao(zy — 2)
hence
(1.12.18) 2y ~x+ Ayt (y — f(2))

which means, by defining Sy (z) to be the right side of (1.12.18), we should obtain a better guess Sy (z)
that is closer to x,, and the precise value of x, should make the roughly equal ~ become strictly equal,

()Note that (1.12.11) provides another proof of the continuity of g at points f(x) where df(z) is invertible.
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i.e. z, should be the fixed point of S,. The rest now easily amounts to the contraction mapping principle.
The informed reader may find that this is actually a variant of Newton’s tangent method for finding the
root of a function, for which the main idea is that finding better approximation of a root using the
given data and some approximate root, with the help of derivatives, since locally, the function should be
roughly affine.

The following notion is of fundamental importance in differential topology.
Definition 1.12.3. — Let U C E (resp. V C F) be open with E (resp. F') being a normed space. A
map f:U — V is called a CP (p € NT)-diffeomorphism if f is bijective, of class C? and the inverse
of f is also of class C? as a map from V to U. We say f is a smooth diffeomorphism, or simply, a
diffeomorphism, if f is a CP-diffeomorphism for all p € N*. We say U and V are CP-diffeomorphic
(resp. diffeomorphic) if there is a CP-diffeomorphism (resp. diffeomorphism) between them.
Remark 1.12.4. — In terms of the terminology of Definition 1.12.3, we see that the inverse mapping
theorem provides a way to obtain a local (CP-)diffeomorphism.
Corollary 1.12.5 (Open mapping theorem). — Keep the setting as in Theorem 1.12.1, and set

(1.12.19) U= {:c Y ‘ df(z) € ISO(EvF)},

then both U* and f(U*) are open.
Proof. — Since df : U — L(E, F) is continuous and Iso(E, F') is open in L(E, F') (see Example 1.3.5),

we have
(1.12.20) U* = (df)"! (Iso(E,F))

is open. Now take any y € f(U*). There is some x € U* with f(z) = y. By the inverse mapping theorem
applied to f [+, there exists an neighborhood V' of z and an open neighborhood W of y with V C U*
such that W = f(V). In particular, f(U*) D f(V) =W >y and f(U") is a neighborhood of each of its
point, hence open. O

Definition 1.12.6. — Let X, Y be topological spaces'®), and f : X — Y a map. We say that f is
locally open at z( € X, if there exists a neighborhood U of z, such that the restriction f [¢,: U =Y
is an open map. Equivalently, f is locally open at z if f(Up) is open for any open neighborhood Uj that
are contained in a fixed neighborhood of z.

Using Definition 1.12.6, we immediately obtain the following corollary of the inverse mapping theorem.
Corollary 1.12.7. — Keep the setting as in Theorem 1.12.1, then f is locally open at any point in U
on which its derivative is invertible. O
Remark 1.12.8. — For finite dimensional spaces, there is a much stronger result called the invariance
of domain due to Brower. The result says that if U C R*(n € NT) is open and f : U — R" is continuous
and injective, then f is an open map. Note that how this result does not need the differentiability of f
unlike in Corollary 1.12.7. However, it will be seen in the exercise that our Corollary 1.12.7 is already
strong enough to allow a proof of the fundamental theorem of algebra.

On the other hand, Brower’s invariance of domain essentially depends on the finite dimensionality
and fails immediately for infinite dimensional spaces. As a counter-example, consider any isometry on
¢? that are not an isomorphism, e.g. f € L£(£?) defined by

(1.12.21) filan) = (W%/zj) :

The problem in this case is that df = f (since f in (1.12.21) is bounded linear) is merely injective but
not surjective at each point (compare with Theorem 1.12.1).

With the help of the inverse mapping theorem, the following implicit mapping theorem can now be
easily established.

®1f you haven’t seen the basic notions in general topologies, just take X and Y to be metric spaces.

36



Theorem 1.12.9 (Implicit Mapping Theorem (IMT), aka. Implicit Function Theorem (IFT))

Let E, F and G be Banach spaces, O C E x F an open set and f: O — G a CP map for some fixed
p € Nt U{oo}. Suppose that at some point (zg,y0) € O C E x F, we have dsf(xo,yo) € Iso(F,G). Set
z0 = f(xo,y0). Then there exists an open neighborhood Uy of xo in E, an open neighborhood Vi of yo in
F, such that

(1) For each x € Uy, there exists a unique point in Vy, denoted e.g. by o(x), such that f(x,p(x)) = 2.
(2) The map ¢ : Uy — Vi as in (1) is of class CP.
(3) We have 0z f(x, p(x)) € Iso(F, G) for all x € Uy and

(1.12.22) dp(x) = ~[02f (,(2))] " 01 f (2, p(2)).

Proof. — Consider the map ® = (&1, P3) : O — E x G defined by ®; = g [0: O — E (the restriction
of the canonical projection 7g : E X F — E) and &3 = f. Set

(1.12.23) A= 02 f(x0,y0) = 02P2(x0,10) € Iso(F,G) C L(F,G)
and

(1.12.24) B = 01 f(x0,90) = 01 ®a(w0, 90) € L(E, F).
Then

V(&n) e ExF,  d®(xo,y0)(§,n) = (& BE+ An) € E x G.
It is easily checked that the linear map
ExXF—ExG
(&n) = (&, A7 (n — BY))

is bounded and is the inverse of d®(zg, yo), i.e. dP(x0,y0) € Iso(E x F, E x G). We may thus apply the
inverse mapping theorem (Theorem 1.12.1) to ® at (xo, yo), and obtain ® as a local CP-diffeomorphism
from an open neighborhood of (zg,yo) onto an open neighborhood of (zg, 20) = ®(xo, yo). By shrinking
the former open neighborhood if necessary, we may find an open neighborhood Uy (resp. Vj) of o (resp.
Yo), such that ® [y, «v, is a CP-diffeomorphism onto its image, which is open in E x G. Hence

(1.12.26) V(z,y) € Oy := Uy x W, flz,y) =20 <= P(z,y) = (x,20) <= y=o [(_9(1) (x, 20).
Thus (1) holds with p(z) = ® [63 (x, z0), which implies (2). Clearly,
(1.12.27) V(z,y) €O,  (&m) eExF  d®(z,y).(6,n) = (§01f (2, y).£ + 0o f(x,y).m) -

A routine manipulation of linear algebra shows that d®(x,y) is invertible if and only if s f(z,y) is so.
This implies the first part of (3), and (1.12.22) follows by differentiating the equation ®(z, p(x)) = 2. O

(1.12.25)

Remark 1.12.10. — In the exercise session, we will see that one can also independently establish
the implicit mapping theorem first via a variant of the contraction mapping principle and a similar
consideration as in Remark 1.12.2, then obtains the inverse mapping theorem from the implicit mapping
theorem. Adopting such an approach, we may obtain a slightly stronger version of Theorem 1.12.9 which
drops the completeness of the normed space F.

1.13. The Rank Theorem

The rank theorem traditionally concerns differential calculus on finite dimensional spaces, and refers
to some results of the Jacobian matrix being of a constant rank. In keeping with the same spirit of doing
differential calculus on general Banach spaces, we adopt an alternate, more general perspective which
makes the essence of the proof more transparent.

As preparation, we first point out the correspondence between idempotents and direct product/sum
decomposition. Given a normed space E. We say P € £L(E) is an idempotent, if P? = P. Idempotents
are also known as projections in the literature. We denote by Idem(F) the set of idempotents in L£(E).
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Given a P € Idem(F), we may decompose F into two parts: the kernel N'(P) and the range R(P)
of P. It is clear that Pypy = 0 and that Pr(p) acts as identity due to idempotency. It follows that
N(P)NR(P) =0. On the other hand, for any £ € E, we have

(1.13.1) ¢ = (Id—P)¢ + P¢
with (Id —P)¢ € N(P) and P¢ € R(P). Hence as vector spaces, we have the decomposition
(1.13.2) E =N(P)® R(P) ~N(P) x R(P),

where the canonical isomorphism of vector spaces is given by £+n <> (£,n). The vector space isomorphism
E ~ N(P) x R(P) is actually an isomorphism of normed spaces, since both (§,71) € N(P) x R(P)
£+ n € F and its inverse x € E — (Pz,z — Px) € N(P) x R(P) are continuous linear maps.

Being subspaces of F, we know that both A'(P) and R(P) are normed. It is interesting to note
that these are actually closed subspaces of E, hence are Banach spaces themselves provided FE is a
Banach space. Indeed, N'(P) = P~1(0) and the singleton {0} is closed, which shows the closedness of
N(P) by continuity of P. Similarly, one checks immediately, using P? = P, that R(P) = N(Id —P) =
(Id —P)~1(0), hence is closed by continuity of Id —P.

In summary, if we identify £ with N'(P) X R(P) via (1.13.2), then the idempotent P is nothing but the
projection onto the first component. Conversely, if we have a decomposition E = F; X Fy, and we identify
E; (resp. E3) with the subspace E; x {0} (resp. {0} x Fs) of E via 21 +> (21,0) (resp. 22 + (22,0)),
then the projection onto the first component takes the form m; : (z1,22) € E — (21,0) € E, and we
immediately have w1 € Idem(E) with N(m1) = F5 and R(m) = Ei.

With the above preparation ready, we may now motivate our seemingly involved Theorem 1.13.1.
The idea is that we want to characterize maps that can be “straighten out” via a change of variable.
Here by the vague of saying of “straighten out”, we mean something that is very close to a bounded
linear operator. On the other hand, the graph of a map f is always parameterized by its domain, via
x € dom(f) < (z, f(x)) € graph(f), and this correspondence is a very naive form of CP-diffeomorphism
between dom(f) and graph(f) if f is CP in a suitable sense, which is to be made more precise when
we talk about sub-manifolds. The idea of content of Theorem 1.13.1 is a way to combine two types of
simple maps—the bounded linear one, as well as the homeomorphism from the domain of a map onto
its graph. More precisely we want to characterize maps that, after a change of variable on the domain,
take the form

(1.13.3) fixeUCEw (Az,p(Az)) € Fy x Fy = F,

where U is an open set in the normed space E, and F' = F| X F3 is a product of normed spaces F and
F; that accommodate the graph of the map .
Theorem 1.13.1. — Let E, F' be Banach spaces, U C E open, a € U, and f € CP(U, F) with
p € Nt U {oo}. Set A = df(a) € L(E,F). Suppose that there exists a P € Idem(F) such that
R(P) = R(A) and N(P)NR(df(z)) = 0 for any x in some small open neighborhood Uy of a in U. If
there exists S € E(R(A), E) with AS = Idg 4y, then

(1) There exists an open ball Wy in E, a CP-diffeomorphism g : Wy — g(Wy) with g(Wy) being open

in E and g(Wo) C Uy, and a ¢ € CP(A(Wy), N (P)), such that

(1.13.4) vEeWs,  f(9(§)) = AS + p(A9),

with A(Wy) being an open set in the Banach space R(A) = R(P).
(2) Identify F with R(P) x N(P) via the canonical isomorphism determined by P and consider the
CP-map

h: A(Wp) x N(P) = A(Wy) x N(P)
(y1,92) = (y1,y2 — (Y1),
then h is a CP-diffeomorphism from the open subset A(Wy) x N'(P) onto itself such that

(1.13.6) Vé € Wy, (ho fog)(§) = A€.

(1.13.5)
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Proof. — We first establish (1), which is the main part of the proof. Consider the map ® € CP(U, F)
defined by

(1.13.7) ®(z) =z + SP(f(z) — Az).

Here we use the same letter P to denote the restriction (on the range) P : E — R(P) of P, so the
composition SP makes sense. Note that by assumption, AS = Idg(4) and R(A) = R(P), we have

(1.13.8) Vz e U, A®(z) = Az + ASP(Az — f(2)) = Az + P(Az — f(2)) = Pf(z).
It follows from (1.13.7) that
(1.13.9) d®(a) = Idg +SP(df(a) — A) = Idg € Aut(E) := Iso(E, E).

By the inverse mapping theorem, ® restricts to a CP-diffeomorphism from an open neighborhood of a
inside Uy onto some open ball Wy in E, and we take g to be the inverse of this CP-diffeomorphism.
Clearly g(Wy) C Uy, and by (1.13.8), we have

(1.13.10) VEEe Wy, A& = AD(g(€)) = Pf(9(9))-
We thus define ¢ € C?(Wy, R(P)) (note again that R(A) = R(P) by assumption) by
(1.13.11) »(€) = f(9()) — AL

Note that R(A) = R(P) implies PA = A, and it follows from (1.13.10) that P¢) = 0. Hence it now
suffices to show that A(Wjy) is open R(A) = R(P), and that there exists ¢ € CP(A(Wy), N (P)) with

(1.13.12) vEe Wy,  @(AL) =(8).

Note that A : E — R(A) = R(P) is a linear, bounded and surjective operator between Banach spaces,
the open mapping theorem®) says that A is open. In particular, A(Wp) is open in R(4) = R(P). On
the other hand, take any &1, & € Wy with (&) = ¥(&2). For all ¢ €]0,1[, we have & + ({2 — &) € W
since the open ball Wy is convex. Since A&} = A&y, we have

(1.13.13) (&) —¥(&) = f9(&1)) — f9(&)).
We define
a:[0,]] > Wy CE
(1.13.14)
t= &+t — &),
and
(1.13.15) B=fogoa.

Then for any ¢ € |0, 1], we have
(1.13.16) B(t) = df (9(a(t))) [dgla(t) (€2 — &)] € R(df (g(a(1))))-

By assumption, N'(P) N R(df (g(a(t)))) =0, thus

(1.13.17) B'(t) =0 < PB'(t) =0.

On the other hand, by (1.13.10), we have Po fog= A [w,, thus

(1.13.18) vt €10, 1], PB(t) = Aa(t) = A& +t(& — &) = A& = A&

The right side of (1.13.18) is independent of ¢, thus taking derivatives of (1.13.18), we obtain
(1.13.19) PB(t) = 0.

By (1.13.17) and (1.13.18), we obtain

(1.13.20) vtelo,1,  B(t)=0.

(9)This will be proved in later course on functional analysis. We also include a proof in the optional exercise.
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Now by the mean value theorem, we see that

(1.13.21) F9(61)) = B(0) = B(1) = f(g(&2)),
and we obtain from (1.13.13) that

(1.13.22) V€, & € WoNN(A),  Y(A&) = P(AL).
Therefore, the equation

(1.13.23) P(AE) = ¥(§)

gives a well-defined map ¢ from A(Wy) to R(P). It remains to check that ¢ is of class CP. For this, fix
any & € Wy and let ng = A&y. For each £ € Wy and n = A&, we have

(1.13.24) A(&o + S(n—1m0)) =no + (1= 10) = 1.

Since S is bounded, there exists 1o > 0, such that n € B(no,r) implies that & + S(n — o) € Wy. This

means

(1.13.25) Vi € B(io,m0), @) = (A& +S(n—m0))) = ¥ (&0 + S(1 — o)),
which clearly implies that ¢ [g(y,,re) is of class CP. Since g = A&y is arbitrary in A(Wjy), this shows
that ¢ € CP(A(Wo), R(P)), and the proof of (1) is complete.

For (2), note first that A(Wjy) is open in R(A) = R(P) by the open mapping theorem as noted above.
One now checks immediately that the CP-map
A(Wo) x N(P) — A(Wy) x N(P)

(y1,92) = (1,92 + ©(y1))

is the inverse of h, and h is indeed a CP-diffeomorphism. Now (1.13.6) follows from applying h to (1.13.4)

(1.13.26)

and the proof is complete. O

In finite dimensional spaces, Theorem 1.13.1 can take a more concrete form that employs the Jacobian
matrices, which is a strong form of the classical rank theorem.
Theorem 1.13.2 (The Rank Theorem). — Let m,n € N*, p € Nt U{oc}, U C R™ open, a € U
and f € CP(UR™). Set A = df(a) € Maty,,xn(R) and r = rank(A). Suppose P € Idem(R™) is a
projection onto R(A). If there exists an open neighborhood Uy of a inside U such that rank J f(x) = r
for all x € Uy, then

(1) There exists an open set Wy in R™, a CP-diffeomorphism g from Wy onto some open neighborhood
of a inside Uy, and a p € CP(A(Wy), N (P)) such that

(1.13.27) vEeWs,  f(9(8)) = AS + p(AQ).
(2) Identify R™ with R(P) x N(P) via the canonical isomorphism determined by P and consider the
CP-map

h: AWy) x N(P) = A(Wp) x N(P)
(y17y2) = (ylayQ - @(yl))7
then h is a CP-diffeomorphism from the open subset A(Wy) x N'(P) onto itself such that

(1.13.29) VEE Wy,  (hofog)(€) = A

Proof. — We establish this theorem by apply Theorem 1.13.1, so it suffices to check that the hypothesis
in Theorem 1.13.1 are satisfied under the assumption here.

By choosing a basis (v1,...,v,) for R(A) and extend it to basis (vi,..., v, u1,. .., Up—p) for R™, we
may construct an S € L(R(A),R") with AS = Idga). Indeed, choose u; € A~ (v;) for each i =1,...,r,
and it suffices to define S to be the unique linear map from R(A) to R™ that sends each v; to ;.

On the other hand, since df is continuous, we know the Jacobian matrix Jf(z) is a continuous
function of z, so the product MpJf(z) = (o ;j(z)) of matrices is a continuous function of =, where
Mp is the matrix of P under the canonical basis, and each «; ;(z) is a continuous function of . We

(1.13.28)
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know that PA = A, hence MpJf(a) is of rank rank A = r. There is thus an r X r minor, say the
(i1y-- i) X (J1,...,Jr) minor, of MpJf(a) whose determinant is nonzero, i.e.

(1.13.30) det(aik,jz (a))1§k,z§r # 0.

But det(a%jl (x))lgk,lgr
inside Up, such that

is a continuous function of x, thus there exists an open neighborhood U; of z

(1.13.31) Vo e Uy, det (e, j, (x))lgk,lgr #0,
which in turn implies

(1.13.32) Vo € Uy, r = rank P > rank(MpJ f(z)) >,
forcing

(1.13.33) Vo e Uy, rank(Pdf(z)) = rank(MpJf(z)) = 7.

Since rank P = r, this means that P maps R(df(x)) onto R(P). But df(x) is of rank r, this means
R(df(z)) and R(P) both have dimension r. We know from linear algebra that a surjective linear map
between two finite dimensional vector spaces of the same dimension must be bijective, it follows that P
maps R(df(z)) bijectively onto R(P). In particular, R(df(z)) NN (P) = 0.

Now apply Theorem 1.13.1 and the proof is complete. O

Remark 1.13.3. — Theorem 1.13.2 implies immediately the local structures of immersions and sub-
mersions of smooth manifolds. We will see these results in the special case of open subsets of R™ in the
exercise.

1.14. Submanifolds of R” and Lagrange Multipliers

We have seen in some results in § 1.13 that transforms a general CP-map satisfying certain conditions
to the graph of CP-maps from a “smaller” space, with the implicit understanding that the graph of CP-
maps should be certain “good” analytic/geometric object. We now formalize this implicit understanding
by introducing submanifolds of finite dimensional normed spaces, i.e. normed spaces that are isomorphic
to R™, where n is the dimension.

Before giving the formal definition, let’s look at a simple example. Fix an n € Nt and consider the
(n — 1)-unit sphere S"~! which is defined by

(1.14.1) snt= {LL‘ = (z1,...,2n) €R"

n
ol =3 a? = 1},
=1

which is clearly a compact subset of R”. From its definition, the particularly nice geometric object S™~!
is clearly closely related to the smooth function F : R™ — R defined by F(z1,...,2,) = > oy z?. In
fact, S"~1 = F~1(1). An easy computation gives

(1.14.2) Vo = (z1,...,2,) € RY, grad F(z) = grad F(z1,...,2,) = (221, ...,22,) = 2.

Hence grad F(x) # 0 at any point © # 0. We will later formalize this property by saying that the
restriction F': R™ \ {0} — R is a submersion.

Now given any a = (a1, ...,a,) € S" 1, we have a; # 0 for some i € {1,...,n}. It follows from the
implicit function theorem that near a, we may write points of S"~! as the graph of a smooth function.
More specifically, we may consider the decomposition of R” as R®"~! x R by putting the i-th coordinate
to the end, namely we identify R™ with R"~1 x R via the isomorphism (of Banach spaces)

®;:R" SR xR
(1.14.3)
(1., Tp) — ((xl,...,a?i,...xn),xi)
where the hat © notation means that coordinate is omitted. We see that F' is invariant under the
identification ®;, i.e. FFo ®; = F. Since a; # 0, we see that 9;F(a) = 2a; # 0, and the implicit
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function theorem says that there exists an open neighborhood V; of a; in R, an open neighborhood U;
of (a1,...,@;,...,a;—1) in R"71 such that there exists a unique map ¢ : U; — V; satisfying

(1.14.4) ®,(S" 1) N (U; x V;) = graph(yp).

Moreover, this ¢ is smooth. The important property of S®~! that we want to abstract from (1.14.4) is
that locally near any point a € S”~!, we may describe S"~! as a graph of a smooth map, modulo certain
identification ®;. Here comes the formal definition.

Definition 1.14.1. — Let E be a finite dimensional normed space and S C E. We say S is an
d-dimensional C?-submanifold of E, where d € N and p € N U {oo}, if for each a € S, we may
describe S locally near a as the graph of a CP-map in the sense that there exists a decomposition
E = E; x E5 of FE as a product of normed spaces with dim E; = d, an open set U; of E; (i = 1,2) such
that a = (a1,a2) € Uy x Us, and a ¢ € CP(Uy, Us), satisfying

(1.14.5) SN (U x Ug) = graph(y) = {(z1, (1)) | 71 € U1 }.

When p = oo, instead of CP-submanifold, we often speak of smooth submanifold, or simply a sub-
manifold.

Remark 1.14.2. — As a subset of E, there is naturally a topological structure on S, namely the
subspace topology induced from the topology of E. When p = 0 in Definition 1.14.1, the C°-submanifold
S is actually a d-dimensional topological manifold in E as you have seen in your topology course. The
verification for this is just an easy exercise.

It is now clear from the consideration before Definition 1.14.1 that S™~! is a smooth submanifold of
R™. Tt is also clear that S™~! is the inverse image of a single point, namely {1}, of the smooth map
F :R™\ {0} — R whose gradient never vanishes. The latter observation is actually a typical feature of
submanifolds, and can be used to characterize submanifolds as well as giving a lot of examples. We now
introduce the relevant definition and result for this.

Definition 1.14.3. — Let E and F be normed spaces, U (resp. V) is open in F (resp. F). For
p € Nt U {oo}, we say ¢ is a CP-submersion from U to V, if ¢ € CP(U,V) and dy(a) € L(E,F) is
surjective, i.e. R(dg(a)) = F, for any a € U.

Proposition 1.14.4. — Let E be a finite dimensional normed space and S C E. Suppose n = dim E
and') p € Nt U {oo}. Then the following are equivalent:

(1) S is a d-dimensional CP submanifold of E.

(2) S is locally the level set of a submersion to an (n—d)-dimensional normed space, i.e. for any a € S,
there exists an open neighborhood U, of a in E, an (n — d)-dimensional normed space G and a
C?-submersion 1, € CP(U,, F), such that

(1.14.6) SOUa = 47 (Ya(0)).
Proof. — (1) implies (2). Without loss of generality (why?), we may assume that £ = F x G, with F
(resp. G) being a d-dimensional(resp. (n — d)-dimensional) normed space, and S = graph(y) for some
p € CP(U,V) with U (resp. V') being an open subset in F' (resp. G). Now define ¢ € CP(U x V, G) by
setting ¥(z,y) = y — (). Since 9yy(z,y) = Id for all (x,y) € U x V', we see that 9 is a CP-submersion.
By definition, for any point

a = (az,ay) € S =graph(¢) C F xG=E,

we have ¢(a) = 0 and we indeed have

(1.14.7) graph(p) = ¢v71(0) = v~ (¥(a)).
Now just set ¥, = 1.

(2) implies (1). For each a € S. By (2), we have obtained an open set U, C E, a decomposition
E = F x G and a CP-submersion t,. Let (g1,...9n—d) be a basis for the (n — d)-dimensional vector
space G, since di,(a) € L(FE,Q) is surjective, we may take an e¢; € E with di,(a).e; = g; for each

(10)Note that we no longer allow p = 0, as we want to use the implicit function theorem in the proof
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i =1,...,n —d. Let Ey be the subspace of F spanned by e, ..., e,_4, and F a complementary
subspace of Ey in E, we then have E = F & Eg ~ F' x Ej, where the last isomorphism is the canonical
one, through which we identify E with Fy x F. Since U, is an open neighborhood of a € £ = F x Ej
(note that we have identified E with F' x Ej), we may find an open set U; in Ey and an open set V; in
F, such that a € U; x Vi C U,. Following the decomposition £ = F' x Ej and apply Proposition 1.6.7,
and note that each n € Ey is identified with (0,n7) € F x Ey = E, we see that

(1.14.8) Vn € Ey,  0O2f(a).n=df(a)n.

In particular, Oat),.¢; = dog.e; = g; for each i = 1,...,n —d, so dxtp(a) € L(Ey, G) is surjective, hence
invertible because dim Fy = n — d = dim GG. By the implicit function theorem applied to ¢, and a, we
see, shrinking U; and V) if necessary, that there is a ¢ € CP(Vy,U;) such that for each = € V1, p(z) is
the unique point in U; such that

(114.9) b, o)) = ().

In other words,

(1.14.10) SNU, =v¢ ' (¢(a)) = graph(p).

Since a € S is arbitrary and

(1.14.11) dim F =dimE —dim Ey =n — (n —d) =d,

this means precisely that S is a d-dimensional CP-submanifold of E. O

Corollary 1.14.5. — Let E, F be finite dimensional normed spaces, U C E open, and ¢ € CP(U, F)
with p € Nt U{oo}. Fiz any yo € F, if dp(xg) € L(E, F) is surjective at any xo € 0~ *(yo), then o~ (y)
is a (n —m)-dimensional CP-submanifold of E.

Proof. — Since rank(Jp(wg)) = m, i.e. Jp(xg) is of maximal rank, at each xg € ¢~ !(y), there is a
m X m submatrix of Jp(zg), say the one with the iy, ..., 4, rows of Jp(xp), with nonzero determinant.
By continuity, there exists an open neighborhood Uy of z( in E, such that the same m x m submatrix
formed by the iy,..., i, rows of Jp(z) still has a nonzero determinant for all z € U,,. Now set U =
Uzoep—1(yo)Uno- It is clear from our construction that o[y : U — F' is a submersion with U 2 ¢~ (yo)-
Hence

(1.14.12) ¢ (yo) = (¢ 1v) " (%o)
is a (n — m)-dimensional C?-submanifold of F by Proposition 1.14.4. O

With these preparatory consideration on submanifolds, we shift our attention to the problem of finding
extreme values of a function that are defined on high dimensional curved objects. In the simplest case
where our curved object is an open set in a finite dimensional normed space, Proposition 1.10.7 says
that the extreme values can only be attained at the so-called critical points as defined in the following
definition.

Definition 1.14.6. — Let E be a normed spaces, U C F open, a € U and f : U — E differentiable.
We call the point a a critical point of f, if df(a) = 0.

Our discussion of sub-manifolds gives an elegant method for finding the extreme value of certain
functions under certain constraints, still with the help of critical points. Before describing this method,
let’s first look at a simple example. Consider again the unit sphere

3
fo = 1}.
i=1

Suppose that we want to find the maximum of the function s(z1,22,73) = o1 + 22 + 23 on S? that
represents taking the sum of each coordinate. The subtlety lies in the fact that even s is defined on

(1.14.13) S? = {(Zl,xg,xg) S R3

the whole R3, we are merely interested in maximizing the restriction s g2, and S? is not open in R3.
This means that we may no longer find local extreme points by solving ds(z) = 0 for x € S2. In fact,
it is clear that grad s(z) = (1,1,1) at all points = € R? so one can never find a solution to the equation
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ds(z) = 0. Nevertheless, since S? is compact, the continuous function s | must reach its maximum at
some Py € S§%, and this P, should be some sort critical point for our problem of finding max s [ge.
Intuitively, this failure of finding critical points naively is due to the fact that S? is a “low dimensional”

object while our theory of differential calculus is based on maps that are defined on open sets (so that
it makes sense to speak rigorously the idea of differentiability is a local property) which should be of
the same dimension as the ambient space. Here, though we haven’t learned a good theory of topological
spaces, we still have the naive feeling that being low dimensional means there are less free variables.
Thinking in this way, one natural attempt to circumvent this “lack of free variables” would of course be
introducing more free variables “without destroying the critical points”. Here’s a positive result, due to
Lagrange, that realizes this idea.
Theorem 1.14.7 (Lagrange). — Let E, F be a finite dimensional normed spaces, U C E open,
p € NTU{o}, v e F, and ® € CP(U,F). Set S := & '(v) CU C E, and consider an f € CP(V,R)
where V' is open set in E containing S. Suppose the following hold:

(1) f Is achieves its mazimum or minimum at some a € S;

(2) d®(x) is surjective for each x € S.

Then there exists an w € F' = L(F,R), such that a € U NV is a critical point for the function
f—wo® e CP(UNV,R) that is defined on the open subset UNV of E.

Proof. — By Corollary 1.14.5, S is a CP-submanifold of E whose dimension is dim ' — dim F'. But we
actually need to use the proof of this fact which we repeat here for completeness. By hypothesis, d®(a)
is surjective, which implies that we can find a linear subspace E5 of E such that d®(a) [g,€ Iso(Es, F)
and hence a decomposition £ = F; x Fy of E into the product of two finite dimensional normed spaces
such that 0;®(x) € Iso(Eq, F) for all x in an open neighborhood V' of a contained in U. By the
implicit function theorem, writing a = (a1, as) with respect to this decomposition, there exists an open
neighborhood U; of a; in E; (i = 1,2) with U; x Uy C V, and a ¢ € C?(Uy,Us), such that for each
x1 € Up, ¢(x1) is the unique point in Us satisfying ®(z1, ¢(z1)) = v. We then have ¢(a1) = az, and

(1.14.14) SN (U NUz) = graph(p) = {(ml,go(xl)) | T € Ul}.
Now define g € CP(Uy,R) by g(z1) := f(z1,¢(x1)). Since (x1, (1)) € graph(y) C ¢ for all z; € Uy,
(a1,¢(a1)) = (a1,a2) = a, we see that g achieves its maximum or minimum at a;. Hence

(1.14.15) dg(ay) = 0.

i.e. ay is a critical point for g;.
On one hand, by the chain rule, we have

(1.14.16) vz, € Uy, dg(z1) = O f(z1, o(z1)) + 02 f (21, o(x1))de(x1).

On the other hand, since S = ®~!(c), we have

(1.14.17) Var €U, @(z1,9(21)) = v.

Differentiating (1.14.17) as maps of the variable x;, we obtain

(1.14.18) Vi € Uy, M P®(x1,0(21)) + 02P(x1, p(x1))de(z1) =0

As (21, p(21)) € Uy x Uy C V, the operator 02®(x1, ¢(x1)) is invertible, hence by (1.14.18), we have
(1.14.19) Vi € Uy, do(z1) = —[02®(1, (1)) 01 P (21, p(21)).

By (1.14.16) and (1.14.19), we have
(1.14.20) Vaxy € Uy, dg(z1) = O f(z1, (1)) — Oaf (21, 0(21))[02@(21, p(21))] " 01 @ (21, p(1)).

Now we set

(1.14.21) w = Do f (a1, 0(a1))[02® (a1, p(a1))] " = 02 f(a)[0:®(a)] " € L(F,R) = F'.
By (1.14.15) and (1.14.20), we see that
(1.14.22) I (f —wo®)(a) =01f(a) —wd®(a) =0.

44



And by the definition of w, we have

(1.14.23) h(f —wo®)(a) = 02f(a) —wda®(a) = 0.

It follows from Proposition 1.6.7 and (1.14.22) as well as (1.14.23) that

(1.14.24) d(f —wo®)(a) =0,

i.e. a is indeed a critical point for f —w o G. O

We now explain how Theorem 1.14.7 can be applied to find the a € S that maximizes (or minimizes)
f Is. By choosing vector basis and use the uniqueness of norms up to equivalence on finite dimensional
vector spaces, we may simply assume E = R™ and F = R™, and the functional w € F' = (R™) is
completely determined by the m numbers ¢, .. ., ¢y, where ¢; = w(e;), and (eq,. .., ey) is the standard
basis for R™. Write ® = (®4,...,®,,) with each ®; € CP(U,R), i.e. () = (P1(z),..., Py (x)) for each
xeU,and set L =f—wo® e CP(UNV,R). We then have

m
(1.14.25) Ve = (z1,...,2,) €UNYV, L(z) = f(x) — Zci‘bi(x).
i=1
Now Theorem 1.14.7 says that if f [¢ achieves its maximum/minimum at some a € S, then we may find
a w, or equivalently, m numbers ¢y, ..., ¢;,, such that
(1.14.26) dL(a) = 0.
Writing (1.14.26) in terms of partial derivatives, we have
, of T 0D,
(1.14.27) Vie{l,...,n}, 8—%((1) = ;Cj &b: (a).
(1.14.27) provides us with n equations for the n + m unknowns (a1, ...,an,c1,...,¢n). We also have m
equations
(1.14.28) Vi e{l,...,m}, ®i(ar,...,an) =v;
where v = (vq,...,v;) € R™ = F. Combining (1.14.27)(1.14.28), we obtain n 4+ m equations for
the n + m unknowns (ai,...,an,c1, -+ ,Cm), which gives a necessary condition for f [¢ achieves its

maximum/minimum at a. Of course, this necessary condition needs not be sufficient, for which one
usually has to check that f(a) is indeed such an extreme value. Note that the m auxiliary constants
c1,...,Cn appear as the scalar multiplication in front of the ®;’s, it is for this reason that these constants
are referred as Lagrange multipliers, and the above procedure for finding maximum /minimum of f [g
as the method of Lagrange multipliers.

We now revisit our previous example of finding the maximum value of s g2, where s(x1,z2,z3) =
x1 + x2 + 3. It is already remarked that s does achieve its maximum at some point a € S2, our task is
to find this a and the value s(a). Note that we may now take ® € C°°(R3 R) defined by

3
(1.14.29) D(x1, 22,23) = me,
i=1

so that S? = ®~1(1), and d®(x) = V®(z) # 0 for each = € S?, so that Theorem 1.14.7 and the method
of Lagrange multipliers apply, and we may find a Lagrange multiplier ¢ € R, such that a = (ay, a2, a3)
satisfies the equations

(1.14.30) Vi=1,2,3, 0 = 0;s(a) — cO;®(a) =1 — 2cay,
and

(1.14.31) 1=®(a) =) a.

It follows from (1.14.30) that ¢ # 0 and a; = aa = a3 = (2¢)~!. Now substituting this into (1.14.31), we
obtain 1 = 3(2¢)~2, and ¢ = £(2v/3)~!. Hence either a = (v/3)7! (1,1,1) or —(v/3)7%(1,1,1). Clearly,
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only the former case, i.e. a = 2v/3(1, 1, 1), maximizes s [g2. So we must have a = (v/3)~*(1,1,1) and the
maximum value of s [g is s(a) = v/3. Note that a = —(v/3)~!(1, 1, 1) also solves the equations (1.14.30)
and (1.14.31), but this value corresponds to the minimum of s [g2, which is —v/3. The proof is similar
to the maximum value case.

Remark 1.14.8. — We emphasize in general, solving the equations (1.14.27) and (1.14.28) only yields
a better selection of all the possible values of a on which our target function f [g reaches its maxi-
mum /minimum. Which one corresponds to the actual maximum/minimum value still needs a verifica-
tion, as illustrated in the above example. Sometimes, it could happen that even (1.14.27) and (1.14.28)
do admit a solution a, but f(a) is neither a local maximum nor a local minimum. For example, we may
take ® € C°(R2%,R), ®(z,y) =y — 2° and f € C*(R%,R),f(z,y) = y. Consider S = ®~1(0) = graph(yp)
where ¢ € C*°(R,R) is the cube function ¢(z) = 23. Now (1.14.27) and (1.14.28) become

0+3cz?=0
(1.14.32) l—c=0
y— a3 =0.

The solution for (1.14.32) does exist, and is given by x = y = 0, but f g does not have a local maximum
or local minimum anywhere! This also shows that the hypothesis (1) in Theorem 1.14.7 can not be
dropped.

We will see more applications of the method of Lagrange multipliers in the exercises.

1.15. (Not Covered in Course) The Morse Lemma

There is a general notion for critical points of smooth maps between smooth submanifolds. The
method of Lagrange multipliers described in § 1.14 can be viewed as a way to find such critical points
under the important special cases of smooth functions with values in R. It is a natural and important
question to investigate the local behavior of a smooth function near its critical points. The general form
of this question is to consider smooth functions on smooth sub-manifolds. We will return to this point
after introducing more basics about sub-manifolds in a later part of these notes. For now, we focus on the
case of smooth functions defined on an open subset of R™. In the case of non-degenerate critical point,
this question has a nice answer known as the Morse lemma, which opens the gate to a whole theory, the
Morse theory , that studies the topology of manifolds via looking at the functions defined on them.
Definition 1.15.1. — Let n € N, k € N>y U {oco} and U C R™ open. A critical point a € U for
f € C*(U,R) is called non-degenerate, if the symmetric bilinear form d2f(a) on R" is non-degenerate,
i.e. if the Hessian matrix H f(a) is invertible.

Theorem 1.15.2 (The Morse Lemma). — Let U C R" (n € N*) be open and f € C*(U,R) with
k € N>gU{oco}. Suppose a € U is a non-degenerate critical point for f. Then the following hold.

(1) There exists a C*~2-diffeomorphism ¥ from an open neighborhood V. C R™ of 0 onto an open set

in R™ containing a, such that ¥(0) = a, and

(1.15.1) VyeV,  (fo¥)(y) = fla)+(Hf(a)y, y),

where (-, -) denotes the canonical inner product on R™.
(2) There exists a C*~2-diffeomorphism © from an open neighborhood W C R™ of 0 onto an open set
in R™ containing a, such that ©(0) = a, and

p q
(1.15.2) Vo = (w,...,w,) €W, (fo®)(w) = fla)+ Y wi—Y wp.,
i=1 j=1

where (p,q) is the signature of the symmetric matriz H f(a), i.e. counting multiplicity, among the
n-eigenvalues of H f(a), there are exactly p eigenvalues that are positive and q negative, so that
p+aq=n.
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Proof. — By Taylor’s formula up to order 2, and note that df(a) = 0 since a is a critical point for f,
we have

(1.15.3) f(x) = fla) + (/O (1—t)d®f(a+t(x — a))dt) (z—a)®

for all x near a. Writing

(1.15.4) Qz) = /01(1 — ) Hf(a+ t(x — a))dt,
we may rewrite (1.15.3) in the form

(1.15.5) f(@)=f(a)+{(Q)(z—a),z—a)
for all z near a, and

(1.15.6) Q(a) = H f(a).

In particular, Q(a) is invertible since the critical point a for f is non-degenerate. Moreover, since d?f,
hence equivalently H f, is of class C¥~2, the matrix-valued function Q(z) is also (k—2)-times continuously
differentiable by repeated application of Proposition 1.9.3. Now consider the map

1 ! 1
#(B.0) = (1, + 500 B) Q) (1 + 50 )
2 2
(1.15.7) :
= Q@) + B+ {BQ(a) B~ Q(x)
where B varies in an open neighborhood of 0 in the finite dimensional linear subspace Sym,, ., (R) of

symmetric n X n matrices over R, and x varies in an open neighborhood of ¢ in R". We have ® is of
class C*=2 since Q is so. Moreover,

(1.15.8) ®(0,a) =0
and
(1.15.9) 0p®(B,z) =1d.

Hence by the implicit function theorem, the equation
(1.15.10) ®(B,z) = ®(0,a) =0
defines B as a C*~2 function of x near (0,a), i.e. there exists an open neighborhood V; of a in R, an

open neighborhood O of 0 in Sym,,,.,,(R), and a 3 € C*~%(V,, 0), such that ® is defined on O x Vj,
B(a) =0 and

(1.15.11) Va € Vp, O(B(z),x) = 0.
Now set
(1.15.12) a(z) = (In + ;Q(a)lﬁ(x)> (z —a)
then a € C*~2(V,, R") with a(a) = 0. By (1.15.7), (1.15.11) and (1.15.12), we have
(1.15.13) Yz € V, (Q(a)a(z), alz)) ={(Q(z)(x —a), z —a) = f(x) — f(a).
For all small h, we have
1 -1
(1.15.14) ala+h)—ala) = (In + iQ(a) (a+ h)) h

(1.15.15) laa+h) = a(h) = bl = | 5

Since f(a) = 0 and B is continuous, (1.15.15) implies that da(a) = Id. We may now apply the inverse
mapping theorem to find a C*~2-diffeomorphism ¥ from an open neighborhood V of 0 = a(a) onto

30 a+ 0| < 3 ot 13ta + 1,
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an open neighborhood of a contained in V; with o o ¥ = Id. Now setting = U(y), y € V, (1.15.13)
becomes

(1.15.16) vyeV,  (Hf(a)y,y)=(Qa)y,y)=f(¥(y)) - f(a)
This establishes (1).
To establish (2), it suffices to note that one may find a fixed invertible matrix A € GL,,(R) such that

(1.15.17) A'Hf(a)A = (I” 0 )
0 —I,
and it suffices to take W := A=1(V) and O(w) := V(Aw) for all w € W. O

Remark 1.15.3. — The local structure of the map f near a is reflected completely by (1.15.2). We
have already seen two special cases, namely, when p = 0 (resp. ¢ = 0), then f reaches its local maximum
(resp. minimum) at a. In the case where both p > 0 and ¢ > 0, then (1.15.2) says that f(a) is not a local
extreme of f near a, and the particular quadratic form on the right side of (1.15.2) completely describes
the growth of f, after a change of coordinates provided by ©. We call the non-degenerate critical point
a a saddle point for f, where the terminology comes from the shape of (21,2, 2% — 22) near (0,0,0),
corresponding to the case n =2 and p=¢q = 1.
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CHAPTER 2

RIEMANN INTEGRALS OF SEVERAL VARIABLES

It is frequently claimed that Lebesgue integration is as easy
to teach as Riemann integration. This is probably true, but
I have yet to be convinced that it is as easy to learn. Under
these circumstances, it is reasonable to introduce Riemann
integration as an ad hoc tool to be replaced later by a more
powerful theory, if required. If we only have to walk 50
metres, it makes no sense to buy a car.

A Companion To Analysis: a second first and first second
course in analysis, page 197
T.W. Korner
After developing differential calculus in the setting of Banach spaces, it seems tempting to introduce
the more flexible and powerful Lebesgue integration in this chapter on integral calculus. Nevertheless,
unlike the differential calculus situation where we developed the theory in the setting of Banach spaces,
to develop the theory of Lebesgue integrals here will certainly incur quite some technical challenges,
which seems still premature for most students following this course. Our principle of prioritizing clarity
and understanding dictates that we develop the more beginner-friendly Riemann integrals instead, which
is sufficient to give a basic first introduction to analysis on smooth submanifolds in the last part of this
course. This being said, we emphasize that the technical complication mentioned above is merely about
which sets can be reasonably assigned a size and in what sense, and the theory of Jordan sets and Jordan
contents that is intimately related to Riemann integrals already provides an easy to understand first
answer. We therefore develop our theory of Riemann integrals with the novelty of allowing the integrand
to take values in a general Banach space. As we will see by comparing with the treatment elsewhere,
this slight more generality introduces no essential technical complication but brings what actually makes
this theory work into the spotlight, just as our treatment of the differential calculus in the setting of
normed/Banach spaces. Besides the advantages of clarity and a deeper understanding of the essence of
the Riemann integral, we point out that the general Banach space valued Riemann integration (and of
course its Lebesgue upgrade) is also widely used in modern mathematics, e.g. in holomorphic functional
calculus on Banach algebras, in projection valued measure in spectral resolution of self/normal operators
etc., and it is our opinion that the theory of Banach space valued Riemann integrals deserves a systematic
treatment in these notes that it rarely receives in the literature.

2.1. Theories of Volumes: an Axiomatic Approach

A seemingly naive but profound question asks what is the size of geometric objects. In particular,
since the ancient times, people want to be able to tell the length of a line, the area of a surface, the
volume of a solid ball, et cetera. Our intuition tells us that for any dimension n € N*, a bounded subset
A C R"™ of R™ should occupy some sort of n-dimensional volume v(A).



For example, by analogy with the case of dimension 1, 2 and 3, we want to assign the number
[T:-,(b; — a;) as the n-dimensional volume of the n-dimensional box

(2.1.1) 0% == {(z1,...,2) €R™ | a; < m; < b;},

where a = (a;),b = (b;) € R™, with a; < b; for each i. Note that if a;, = b;, for some iy, our notation
for 0% as defined in (2.1.1) says that (0% = (), but then again, it should have 0 = []\_, (b; — a;) as its
n-dimensional volume as expected.

Notation 2.1.1. — For a = (a;),b= (b;) € R", we write a < b (resp. a; < b) if a; < b; (resp. a; <b)
for each i =1,...,n. For any a,b € R", sometimes we still use (2 to denote the set defined in (2.1.1).
We see that 0% # () if and only if a < b.

Notation 2.1.2. — Let A;, i € I be a family of sets and A a set. By

(2.1.2) A= |4,
icl
we mean A = UijerA; and A; N Aj = ) whenever i # j.

Let O(R"™) be a collection of bounded sets in R™ (to be thought of subsets that do have a well-defined
n-dimensional volume), and v : O(R™) — R a map (to be thought of the volume map). From our
intuition of volumes, we are led to pose two set of axioms. The first set of axioms concerns the properties
of the collection O(R™) of bounded sets:

(O1) (Stability under finite union, intersection and difference) If A, B are in O(R"™), then AUB, AN B
and A\ B are all in O(R").

(02) (Stability under translation) If A € O(R™) and = € R", then A+ z := {a+x ’ ac A}

(0O3) (The unit box axiom) We have (03 € O(R"), where 0 = (0,...,0),1=(1,...,1) € R™.

The second set of axioms concerns the properties of volume map v:

(v1) (Non-negativity) We have v(A) > 0 for each A € O(R"™).
(v2) (Finite additivity) If A, B € O(R™) with AN B = (), then v(AU B) = v(4) + v(B).
(v3) (Translation invariance) If A € O(R™) and x € R™, then the translation v(A + z) = v(A4).

Definition 2.1.3. — A theory of n-dimensional volumes, or simply a theory of volumes if n
is clear from context, is a pair (O(R"),r) where O(R") is a collection of bounded sets in R™ satisfying
(01)-(03), and v : O(R™) — R a map satisfying (v1)-(v3).

Before proceeding further, we list some remarks concerning these axioms.
Remark 2.1.4. — In any theory of volumes, we have ) € O(R") and v(()) = 0. Indeed, § = 0y \ 0} €
O(R™) by (O1) and (O3). Then by (v2), we have

(2.1.3) v(0) =v(0U0) =v(d)+v(0),

forcing v(0) = 0.

Remark 2.1.5. — Another consequence of the axioms is the so-called monotonicity of v: if A, B €
O(R™) with A C B, then v(A) < v(B). Indeed, we have B\ A € O(R™), hence from the decomposition
B=AU(B\ A), we have

(2.1.4) v(B) = v(A) + v(B\ A) > v(A)

by (v1) and (v2).
Remark 2.1.6. — For any theory of volumes as above, suppose 4, € O(R"), i =1,...,m and A =
U™, A;, we then have

n

(2.1.5) v(A) < (4,

=1

and equality holds if all the A;’s are pairwise disjoint. Indeed, let Ay = () and set B; := A;\(A1U---UA;_1)
fori=1,...,n. Then we have A; = B; U---U B; for each i, and all the B;’s are pairwise disjoint. It



follows from the finite additivity that

n n
(2.1.6) v(A) = w(B;) <> v(Ai).
i=1 i=1

When A;’s are already pairwise disjoint, we have B; = A; for each 7, and we indeed have equality in
(2.1.5).
Remark 2.1.7. — There is an obvious way of constructing theory of volumes: just take O(R™) to be
the collection of all bounded subsets of R™ and v = 0. Or proceed slightly further, we may take O(R™) to
be any collection of bounded sets in R™ that satisfies (O1), (O2) and (03), and v = 0. Understandably,
these theories are called trivial. As we will see presently, it requires some work, albeit not too much, to
actually develop a nontrivial theory of volumes.
Remark 2.1.8. — There are more advanced theories of volumes, which satisfy stronger axioms, e.g. the
Lebesgue measure theory!), that lie beyond the scope of these notes. They may lead to a corresponding
theory of integrals that is more powerful than the Riemann integrals to be developed later in this chapter.
The interested students are encouraged to consult any book on Lebesgue integrals to his/her liking.

We will now derive some simple consequences of the axioms of a theory of volumes, as a warmup for
later, slightly more involved results.
Definition 2.1.9. — Sets of the form 0% (possibly empty) are called grid boxes, or simply boxes,
in R™.
Proposition 2.1.10. — Let (O(R”),V) be a nontrivial theory of volumes, set ¢ := V(D(l)). Then the
following hold.

(1) We must have ¢ > 0.

(2) Any grid box is an element of O(R™).

(3) For any a = (a;),b= (b;) € R™ with a < b, we have
(2.1.7) v(05) = c[J (b — ai).

i=1

Proof. — (1). Suppose by contrapositive that ¢ = 0, then we need to show that the theory ((’)(R”), 1/)
must be trivial, i.e. ¥ = 0. Recall the Gauk function [-] : R — Z that sends each real number r to its
integral part [r], i.e. [r] is the largest integer not exceeding r, or equivalently, [r] is the unique integer
such that [r;] <r; < [r;] +1. For each vector z = (z;) € R", we set [z] := ([;]) € Z". It is clear that
[z] is the unique k € Z" such that x € O3 + k. In particular, we have

(2.1.8) R"= | | (0§ +k).
kezm
Now take any A € O(R™). Since A is bounded, there exists an N € NT such that [ja| , < N for all
a = (a;) € A. For any such a € A, we see that [a;] <a; <[a;]+ 1,50 —-N—-1<a;—1<[a;] <a; <N
for each i € {1,...,n}. Now a € O} + [a] together with (2.1.8) implies that

(2.1.9) ACB:= | ] (08 + k).
k=(k1,....kn ) EL™,
—N-1<k;<N
In (2.1.9), the set B is written as a finite disjoint union of translation of the unit box (0§, thus B € O(R")
by (02) and (03); and the finite additivity of v (v2) together with its translation invariance (v3) imply
that

(2.1.10) v(B) = > v(O§+k) = > v(0§) = 2N +1)"c=0.
k=(k1,...,kn)EL", k=(k1,...,kn)EL",
—N—-1<k;<N —N—-1<k;<N

(DThis will certainly be covered in a later course on real analysis.
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By the non-negativity (¥1) and monotonicity (Remark 2.1.5), we have 0 < v(A4) < v(B) = 0, forcing
v(A) = 0. Since A € O(R") is arbitrary in the above reasoning, we conclude that v = 0 and the proof
of (1) is complete.

(2). We first establish a claim which is a special case of what needs to be proved.

Claim. For all a,b € R" with b — a < 1, we have (% € O(R").

Before proving the claim, we first show how this claim imply (2). We wish to show that (0% € O(R")
for all @ = (a;),b = (b;) € R™. If @ < b does not hold, then [1° = ) € O(R™) by Remark 2.1.4. So

we suppose a < b. In this case, for each i = 1,...,n, we can choose m; € NT large enough so that
l; := (b1 — al)/ml < 1. Set
(2.1.11) M(a,b) = {k‘ = (kl) ezZ” | Vi, 0 < k; < ml}

Let (e;)™; be the standard basis for R™. For each k = (k;) € M(a,b), define

n

(2.1.12) a(k) = (ai+ kili)e;
and -
(2.1.13) B(k) :== Zn:(ai + (ki + 1)1, )e;.
i=1
Then the fact that each I; < 1 implies 8(k) — a(k) < 1 for any fixed k. But a routine check shows that
(2.1.14) oh= || o0
keM (a,b)

Now each box on the right side of (2.1.14) is an element of O(R™) and M(a,b) is clearly finite, hence
0% € O(R™) by (O1) as desired.

We now establish the claim. Since (02 = 0057 + a, by stability of translations of O(R™), it suffices
to show that O§ € O(R™) whenever ¢ € R™ with ¢ < 1. By translation invariance again and (O3)
03 € O(R™), we have

(2.1.15) 0¢ =05+ (c—1) € OR™).
Hence by (O1), we indeed have
(2.1.16) O =0 N0O¢_; € O(R™).

(3). If a < b does not hold, i.e. if a; = b; for some i € {1,...,n}, then 0% = () and both sides of
(2.1.7) are 0 Remark 2.1.4. Hence we assume a < b without loss of generality. Since (0% = 05~ + a, by
(02) and (v3), it suffices to prove (3) for the special case where a = 0. It thus suffices now to show that

(2.1.17) vd = (d;) e R%y CR™, v (Of) =c]]d
=1

We first show (2.1.17) when d € QZ,. By choosing a common denominator for each d;, we may suppose
that there exists an N,my,...,m, € N such that d; = &¢ for each i. Set m :== (mq,...,my,).
Moreover, define

1 1 1
2.1.1 N)y=—1=|—,...,— R"™
(2.1.18) A1) i= 1= (oo ) €
(2.1.19) K(m):={k= (k) eN"| k <m},
and
(2.1.20) VkeK(m),  0(k)=)_ N’ei € R".
i=1

It is clear from d; = T for each i that

d _ Sp+7(N)
(2.1.21) Oo= | O

keK(m)
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Now let ¢y :=v (Dg(N)>. By (02) and (v3), (2.1.21) implies that

(2.1.22) v (Df)l) = miMmsy - MuCN,
since |K(m)| = myma - - my. On the other hand, setting m; = --- = m, = N in (2.1.22) shows that
(2.1.23) c=v(0§) = N"cn.

By (1), ¢ > 0, thus (2.1.22) and (2.1.23) together yield

(2.1.24) v (Tg) :cH% = c[ ds-
=1

i=1
Hence (2.1.17) holds for all d € Q2.
Now consider arbitrary d = (d;) € RZ,. For any 0 < p; < d; < ¢; < 0 with p;,¢; € Q for each ¢, set
p:= (p;) and ¢ := (g;), we have

(2.1.25) Dg C Dg C Dg’

thus by the rational case and the monotonicity of v, we have

(2.1.26) CH]% =v(0F) <v(38) <v(TY) ZCH%
i=1 1=1

Since p; and ¢; can be made arbitrarily closed to d;, (2.1.26) forces (2.1.17) and the proof is complete. [

Remark 2.1.11. — Note that Proposition 2.1.10 does not claim at all that there indeed exists a
nontrivial theory of volumes, it merely deduces some the properties this theory must possess.

We end this section with the introduction of the notion of paved sets and some of their basic properties
which are natural after Proposition 2.1.10.
Definition 2.1.12. — A is called paved set in R is a finite union of boxes in R”. We use P(R") to
denote the collection of all paved sets in R™.
Corollary 2.1.13. — For any theory (O(R™,v)) of volumes, the following hold.

(1) We have P(R™) C O(R™).
(2) If B and B’ are boxes, then BN B’ is a box, and B\ B’ is a finite disjoint union of bozes.
(3) Fach A € P(R™) is a finite disjoint union of boxes.
(4) The collection P(R™) contains the unit cube 00§ and is stable under taking finite union, finite
intersection, set difference and translations. In particular, (P(]R”), v [p(Rn)) is a theory of volumes.
(5) If A= UL, B; where each Bj is a boz, then

(2.1.27) v(A) = v(B)).
j=1

In particular, the theory (P(R"),V [p(Rn)) of volumes is completely determined by the number

c=v(d}).
Proof. — (1) is clear since O(R™) contains all boxes and is stable under taking finite unions.

(2). Let B =0% and B’ = 004, with a,b,c,d € R". To facilitate discussion, for each i = 1,...,n, let

I; := [a;, b;[ (could be empty) and J; := [¢;,d;[, so that 0% = I x --- x I, and O = J; x --- x J,,. It is
clear that

(2.1.28) BNB =0bnO¢ = (L NJ) x - x (I, N Jy),

which is still a box. Moreover, A routine check shows that we have
(2.1.29) B\B' =00\Of = | [(L\ 1) x -+ x (Ix \ k) X Tgga X -+ X I,
k=1
which implies B\ B’ is a disjoint union of n boxes since each Ij \ Jj is either of the form [r, s[, or of the
form [r, s[ U [u, v[.
(3). For each m € N, we propose
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Statement P(m): if A € P(R") can be written as the union of at most m boxes, then A is a finite
disjoint union of boxes.

It is clear that P(1) holds, and (3) will be proved if P(m) holds for all m € N*. We therefore establish
by induction and suppose that P(n) holds for some n € N* and it suffices to show that P(n + 1) holds.
For this, it suffices to show that if A = U”HB- with each B; being a box, then A is a finite disjoint union
of boxes. Set Ag = U”HBJ7 which is union of n boxes, hence by P(n), there exists a finite sequence of
boxes Bj,..., B, such that

l
(2.1.30) Ay =| | B;.
=1
Now
l
(2.1.31) A=B UAy =B U(Ay\ B)) =B U Uz?\&

In the finite disjoint union on the right side of (2.1.31), each B} \ By is a finite disjoint union of boxes
by (2), it follows from (2.1.31) again that A itself is a finite disjoint of boxes.

(4). By definition O3 € P(R") and P(R") is stable under finite unions. By (2) and (3), it is easy
to see that P(R™) is stable under taking finite intersections and translates. It remains to show that
P\ P, e PR") if P, P, € P(R™). By (3), we may write

m
(2.1.32) p=|]c

j=1
and

l
(2.1.33) Py=| | Dy

k=1

where each C(resp. Dy) is a box. Then, by (2), every C; \ Dy € P(R™), and the stability of finite unions
and finite intersections of P(R™) now implies that we indeed have

m m l
(2.1.34) PP =[]\ =] (ﬂ(@\m)) e P(R").

j=1 k=1
(5). This follows directly from (3), (4) and Definition 2.1.3, as well as (2.1.7) in Proposition 2.1.10. [

Remark 2.1.11 now raises the following important fundamental question.

Question. Fix any ¢ > 0, we define v via (2.1.27) and (2.1.17) as well as the translation invariance of
v, do we get a well-defined v, i.e. for each A € P(R"™), is v(A) in (2.1.27) independent of the choice of
the finite disjoint union decomposition?

One can resolve the above question by a careful analysis of the finite disjoint decomposition of A,
e.g. take two such decompositions, find a common refinement, and show carefully that the two original
decomposition can both be obtained from this common refinement by merging certain of its boxes. This
idea is simple, yet its rigorous formulation can be quite tedious. We therefore switched to an approach
that simultaneously resolved this issue and paves the way to some important theoretical development.
It is clear that with different choices of ¢, these are the minimal models of theory of volumes, and to
resolve the above question, it is enough to show the existence of any theory of volumes for each ¢ > 0.

2.2. Volumes of Paved Sets via Successive Riemann Integrals

Recall the notion of characteristic functions. Let A be a subset of X, the characteristic function x4
of A defined on X is the map sending ya(x) to 1 if € A and 0 otherwise. Clearly the characteristic
function x4 and A are in bijective correspondence since A = le(l). Consideration of characteristic
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functions gives a way to transform problems about sets (e.g. how to construct a theory of volumes) into
problems about functions (e.g. how to build some sort of theory of integrals).

In view of the question raised at the end of § 2.1, we will now exploit the one-dimensional Riemann
integrals we are already familiar with in our first year’s study, except that we will use it repeated since
we want to integrate out all of the n-variables in R™. If successful, this will produce some model of
a theory of volumes by considering the characteristic functions of sets. If one tries this, immediately,
one encounters the problem of integrability, so we simply circumvent this by using the upper and lower
Riemann integrals instead, and demand them to be equal. Another small problem is that we need to
fix an order of the n-variables with respect to which to take the one-dimensional upper/lower Riemann
integrals.

We now fix an L > 0 and consider the region

(2.2.1) By(L) :={z eR" | |z||, <L} =[-L,L]",

which is a compact cube in R™. Take any bounded function f : By (L) — R. We want to obtain a real
number from f by repeatedly taking the lower (upper) Riemann integrals, for which we need to fix an
order of the variables. We model this order by an element ¢ in the permutation group S,,, i.e. the group
of all bijection from {1,...,n} onto itself. We set

(222)  ZI,(f) = /: (/: </: ( . ./:f(xl’“"x")d%(m ' ) d%(i%)) dxo@)) dzs (1),

i.e. Z(f) is the real number we obtained from f by successively taking the lower Riemann integral on the
interval [—L, L], first with respect to x,, then with respect to ,_1, ..., until lastly with respect to x;.
The reason we choose the lower Riemann integral in (2.2.2) is that it always exists, no matter what f
is as long as it is bounded. Similar, we may define Z, (f) by replacing the lower Riemann integrals with
the upper Riemann integrals in (2.2.2), i.e.

L L

(223)  I,(f) = /_L (/_L (/: ( : ~/:f($17 ey T )T () - ) d%(a)) d%(z)) dz, (1),

Definition 2.2.1. — Fix 0 € S,, and L as above. We say that a bounded real-valued function f
defined on B, (L) is successively Riemann integral in the order o, if Z_(f) = Z,(f). In this case,
we set Z,(f) := Z,(f) = Z5(f), and call it the value of successive Riemann integrals of f in the

order o. We will use the symbol SR, (BOO(L)) to denote the space of all such f.

Before proceeding to Proposition 2.2.3, we recall the following basic results.

Lemma 2.2.2. — Let [a,b] be a compact interval. If f,g : [a,b] = R are two arbitrary bounded maps,
then
b b b
(2:2.4) / (f+g)2/ f+/ 9,
and

(225 /:(f L)< /bf n /bg

Proof. — Note the fact that for each closed subinterval J of I, we have
Ve e, sup(f(z)+g(z)) <sup fz)+supg()
(2 9 6) rzeJ xcJ xcJ
inf > inf inf .
and inf (f(z) + g(x)) > inf f(x) + inf g(x)

Now the lemma is clear from the definition of the upper (resp. lower) Riemann integrals as the greatest
lower bound (resp. lowest upper bound) of all Darboux upper (resp. lower) sums. O

Proposition 2.2.3. — Let 0 € S, and f be as above. Then the following hold.
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(1) The space SRy (BOO(L)) is a linear subspace of the space of all bounded real-valued functions on
Boo(L).
(2) The map Z, : SR, (BOQ(L)> SR, f = T,(f) is linear.

Proof. — Tt is clear the SR, (BOO(L)> is stable under taking scalar multiplications and that Z, com-

mutes with scalar multiplications. It remains to show that if f,g € SR, (BOO(L)), then f+g¢g €

SR, (BoolD)) and T, (f + 9) = To(f) + Lo (g).
Repeated use of Lemma 2.2.2 imply that

(2.2.7) Io(f +9) £ To(f) + To(9) = Zo(f) + Lo (9) S L, (f + 9).
This forces all inequalities in (2.2.7) is actually equal, and f + g € SR, (BOO(L)) with Z,(f + g) =
Z,(f) + Z5(g), just as desired. O

Remark 2.2.4. — We can already build our first theory of volumes to settle the question at the end
of § 2.1. First, if B = (02 is any box in R”, by choosing L large enough, we may suppose B C B (L),
and an easy computation shows that
(2.2.8) Z,(x5) =TIo(x5) = [ [(b: — a)

i=1
so xB € SRy (Bo(L)) with Z,(xp) = [/, (b; — a;), which is independent of L and of o € S,,. Now
if A € P(R™) with a finite disjoint decomposition A = L}" ; By, into boxes, we may choose L > 0 large
enough so that the bounded set A, and all of its subset including every By, are contained in By (L).
The decomposition of A and Proposition 2.2.3 imply that

(2.2.9) XA=Y_ XB, €SR, (Boo(L)) ;
k=1
and
(2.2.10) Z,(xa) = Y _ I, (xB,)-
k=1

The left side of (2.2.10) is independent of our choice of L > 0 and o € S, since the right side is so. We
denote this common value (when L > 0 is large and o € S,,) by Z(xa). Clearly Z(xp+z) = Z(xp) for
all z € R™ by (2.2.8), it follows from (2.2.10) as well as (apply the finite additivity of v again to the
decomposition A + z = U (Br + x))

(2.2.11) I(xata) = O T(XBita)
k=1
that
(2.2.12) VA € P(R"), Yz € R", I(xa+z) =Z(xa)-

For any fixed ¢ > 0. It is now trivial to check that the pair (P(R™),v.), where v, : P(R") — R is the
map defined by v.(A) := ¢Z(xa4), is indeed a n-dimensional theory of volumes, and the question at the
end of § 2.1 is settled.

2.3. More on Successive Riemann Integrals

We still fix an n € NT in this section. Remark 2.2.4 settles the question at the end of § 2.1 by
constructing a class of theories of volumes (P(R”), I/C), one for each constant ¢. Our discussion actually
showed the following result.
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Proposition 2.3.1. — For each ¢ € (0,400, the pair (P(R"),v.), with v, : P(R™) — R defined by
Ve(A) := cZ(xa) for all A € P(R™), is a theory of volumes. Moreover, this theory is minimal in the
sense that for any theory of volumes (O(R™),v), we must have P(R™) € O(R™), and v |prn)= Ve,
where ¢ = v (O§). O

The minimal theories (P(R™),v.), ¢ € [0, +oo[, while being of fundamental importance for the devel-
opment of a good theory of volumes, has an obvious drawback: it can only assign a volume to paved
sets for which all of the sides of the composing boxes must be parallel to the coordinate axis. We wish
to obtain a theory that can answer basic questions such as what is the volume of the unit ball

(2.3.1) B, :={z €R" | ||lz| <1} CR™

This motivates us to look for theories of volumes that can assign a volume to simple geometric objects
such as B,. Consideration in Remark 2.2.4 already indicates us that one might obtain such a theory
by considering successive Riemann integrals. In fact, for each fixed ¢ € S,, we may obtain a theory
of successive Riemann integration on R™ with respect to the order o, and consequently, by passing to
characteristic functions, a theory of volumes. We now elaborate on how this can be done.

Definition 2.3.2. — Let f: X — A be a map from a topological space X to an abelian group A, the
support of f, denoted by supp(f), is defined by

(233.2) supp(f) = {w € X | /(@) £ 0},

which is clearly the smallest closed set in X outside which f vanishes.
Proposition 2.3.3. — Let f : R — R be a bounded function with compact support. For all Ly, Lo >0
with supp(f) C [=L1, L1] N [—La, Ls], we have

(2.3.3) /LlLlf = /L;f,

and
Ly Lo
(2.3.4) / /= / /.
I s—Lo
Proof. — By an obvious manipulation of Darboux upper/lower sums, we see that once chosen an L >

max(Lq, La), we have

—L —— I —I, —L — L — L
(2.3.5) / f:/ f+/ [+ f:0+/ f+0:/ f;
-L -L I, L —I —I,
and similarly

— Ly —L — Ly
(2.3.6) [ =] =]
—Ly ~L —L
The case for lower Riemann integrals is similar. O

Definition 2.3.4. — For a bounded compactly supported f : R — R, we define the upper Riemann

— — L
integral of f, denote by Z(f), [nf, [f, ..., to be [, f whenever supp(f) C [-L,L]. Because of
Proposition 2.3.3, this is independent of the choice of L and hence is well-defined. Similarly, we define
the lower Riemann integral of f and denote it by Z(f), fRf, [ f,etc. Wesay f: R — Ris Riemann

integrable if f is bounded with compact support and T f = [f,in which case, call the common number

Tf = [ the Riemann integral of f and denote it by Z(f), [ f, [; f etc. We denote by R(R) the space
of all bounded compactly supported real-valued Riemann integrable functions on R.

An important property we wish to establish for our theory of (successive) integrals is the so-called
translation-invariance, for which we introduce the following definition.
Definition 2.3.5. — Fix ann € N, let f : R — R be a map. The translation of f by z € R",
denoted by 7, f : R® — R, is the map defined by (7,.f)(t) = f(t — z).

The following properties concerning translation of functions can be established by routine verifications.
Proposition 2.3.6. — The following hold.
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(1) (Group action property) Let f : R® — R be a map (n € N). We have 7of = f, and Tp4y =

To(Ty f) = Ty (10 f) for all x,y € R™.
(2) (Translation of the graph) Let f : R™ — R be a map (n € N) and fix an a € R™, we have

(2.3.7) graph(7, f) = graph(f) + (a,0) C R" x R = R"*!.
In particular,
(2.3.8) supp(7e f) = supp(f) +a C R™.
(3) (Linearity of the translation operator) Let f, g be maps from R™ to R and x € R", A\, u € R, then
(2.3.9) To(Af + 1g) = Ao f + preg.
Proof. — Exercise. O

Lemma 2.3.7. — If f : R — R is bounded with compact support, then for any x € R, we have

(2.3.10) /Tzf = /f

and
(2.3.11) /wa: /f~
Proof. — The idea for these facts is simple: the corresponding Darboux sums are translation-invariant.

We now elaborate this idea into a rigorous proof, with a small trick to make the proof slightly shorter.
Let [a,b] be a compact interval in R that contains supp(f). Then

(2.3.12) la+x,b+ 2] = [a,b] + = D supp(f) + = = supp(7. f).

Choose an arbitrary € > 0. There exists a partition A = {tg = a < -+ < t,, = b} of [a, b], such that the
corresponding Darboux lower sum satisfies

(2.3.13) /f /f>Sf, ; ;(mff([l L ]))(titi_1)2€+/if6+/f.

Now consider the partition A+2 = {so =a+x < --- s, = b+ 2} of [a+x,b+z], where each s; = t; +z.
Since

Vi=1,...,m, inf(7, f)([si—1,8i]) = inf (7 f)(r)

rE[si—1,5:]

= inf f(r—xz)= inf f(t)=inf f([ti-1,%]),

rE[si—1,84] tE[ti—1,ti]

(2.3.14)
and clearly that s; — s;_1 = t; — t;_1 for each i, we have
b+x
/Tzf = / f
z Y _a+x
(2.3.15) > S(wa,A—i-.’L‘ Z 1nf Tw Sl 1,8i])) (Si —Sifl)

=1
—5(8)2 <+ |1

Since e > 0 is arbitrary, from (2.3.15), we conclude that

(2.3.16) /Tzf > /f-

In particular, apply (2.3.16) to 7, f instead of f with = replaced by —z, we get

(2.3.17) /f / o(af) 2 /Tacf~

Now (2.3.10) follows from (2.3.16) and (2.3.17).
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For the upper Riemann integral, we have

(2.3.18) /Txf - / o f) = / - - / (—f) = /f,

which completes the proof. O

We track here an isolated curious result, which the hurried reader can safely omit. For the relevance
of this result, see Remark 2.3.16.
Proposition 2.3.8. — If f:R — R and g : R — R are bounded with compact support, then

(1) For each compact interval I = [a,b] in R, we have
Vs el F(r)g(r) = f(s)g(s) = f(r)lg(r) — g(s)] + [f(r) = F(s)]g(s)
(2.3.19) <L) lg(r) = g(s)| + 1 (r) = F(s)] - 19 (s)]
< M (sup g(I) — inf g(I)) + My (sup £(I) — inf f(1)),

where My > 0 (resp. My > 0) is a bound for the range of f (resp. g) in the sense that |f(x)| < My
(resp. |g(x)| < My) for all x € R. In particular, we have

(2.3.20) sup(fg)(I) — inf(fg)(I) < M; (sup g(I) — inf g(I)) + M, (sup F(I) — inf f(I)).
(2) We have

(2.3.21) /fg /f9<M</f /f>+Mf</ /)

In particular, if f,g € R(R), then fg € R(R

Proof. — We give a rather detailed proof sketch and leave as an exercise to fill in more details.

(1). In (2.3.19), the first equality follows from a routine check, the first inequality from the triangle
inequality and x < |z| for all z € R, and the last inequality from the first. (2.3.20) follows directly from
(2.3.19) and the definition of sup(fg)(I) and inf(fg)(I).

(2). For any partition A = {tg = a < --- < t,,, = b}, where [a, ] is a fixed compact interval containing
supp(f) Usupp(g), we have, by (2.3.20) applied to each of the subinterval [t;_1,t;], that

Taking limits along the refinement of partitions in (2.3.22) establishes (2.3.21).
If f,g € R(R), we then obtain

(2.3.23) 0< /fg - /fg <0,

which forces all inequalities in (2.3.23) to be equality, and fg € R(R). O

Proposition 2.3.9. — Consider the map
(2.3.24)

The following hold.

(1) (Linear structure of R(R)) The space R(R) is a linear subspace of the vector space of all maps
from R™ to R.

(2) (Multiplications structure of R(R)) The space R(R) is stable under taking products of functions.

(3) (Linearity of the integral) The integral map [ : R(R) — R is linear.

(4) (Positwity of the integral) If f € R(R) is non-negative, then [ f > 0.

(5) (Translation invariance of the integral) For all f € R(R) and x € R, we have 7,f € R(R) and
f Tof = f I



Proof. — We first simultaneously establish (1) and (3). It is obvious that if ¢ € R and f € R(R), then
cf € R(R) and [cf =c [ f. It remains to show that f + ¢ € R(R) and [(f +¢g) = [ f + [ g under the
assumption of f,g € R(R). In this case, we have, by Lemma 2.2.2, that

(2.3.25) /(f+g)§/f+/g/f+/g§/(f+g),

forcing all inequalities in (2.3.25) to be equalities. Hence f+ ¢ € R(R) and [(f+g) = [f+ [g as
desired.

(2) follows from Proposition 2.3.8, (4) is clear from the definition, and (5) follows from Lemma 2.3.7.

O

We are now well prepared to develop the theory of successive Riemann integrals. To start, we fix a
dimension n € N* and a permutation o € S,,, which keeps track of the order with respect to which we
perform the successive one-dimensional Riemann integrals. As in § 2.2, we give the following definition.
Notation 2.3.10. — To simplify notation, for each i € {1,...,n}, we use the symbol T; (resp. L,)
to denote the upper (resp. lower) Riemann integral with respect to the i-th variable. For example, if
f:R? 5 R and g : R* = R are bounded compactly supported functions, then

(Taf) (1) = / F(r, 22)das

is a bounded compactly supported function from R — R, and

(2.3.26) (Z59)(z1,23) = /g(gcl,x27x3)dx2

is a bounded compactly supported function from R? — R (note how we label its variables as (ry,x3)
instead of (x1,x2), to indicate that the second variable x4 has been integrated out).

Definition 2.3.11. — Let f : R™ — R be a bounded compactly supported function. The lower (resp.
upper) successive Riemann integral of f with respect to the order o is the number Z_(f) (resp.
Z,(f)) defined respectively by

(2.3.27) L,(f) :=L,q) (lo@)(' Ly )+ )) = (Lo 0 Lym)(f),
and
(2.3.28) Zo(f) == Zo) (Z(z)(' (T f)- )) = (Zyy 0 0ZLym))(f)-

We say that a function f : R™ — R is successively Riemann integrable with respect to the order
o, if f is the upper successive integral Z,(f) coincide with the lower one Z_(f), and we denote this
common value by Z,(f), and call it the successive Riemann integral of f with respect to the
order 0. We denote by RS, (R™) the space of all successively Riemann integrable functions with respect
to the order o.

Proposition 2.3.12. — The following holds.

(1) (Linearity) The space RS,(R™) is a linear subspace of the space of all functions from R™ to R, and
the successive integration map I, : RS,(R™) — R is linear.

(2) (Positivity) For each f € RS, (R™) with f >0, i.e. f(x) >0 for all z € R™, we have Z,(f) > 0.

(3) (Translation invariance) For any f : R™ — R that is bounded and compactly supported and any
a € R™, we have

(2.3.29) Z,(taf) =Z,(f)

and
(2330) TU(Taf) = ja(f)

In particular, For each f € RS,(R™) and each a € R™, we have
(2.3.31) Zo(1af) =Zs(f).
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Proof. — (1). Tt is clear that RS, (R"™) is stable under scalar multiplications, and scalar multiplications
commute with Z,. It remains to establish the additivity. For f,g € RS,(R"™), a repeated use of
Lemma 2.2.2 shows that

(2.3.32) Io(f+9) < Zo(f) + Io(9) = L,(f) + L, (9) < Z,(f + 9),
which forces all inequalities in (2.3.32) to be equalities, and we indeed have f + g € RS,(R"™) and
Zo(f +9) =L (f) + Zs(g)-

(2) is clear from definition.

(3). We first treat the lower successive Riemann integral case.

The main difficulty here is about notation rather than mathematical complication. We thus write out
carefully what we mean by the successive Riemann integral of f with respect to o and the upper/lower
variants. By definition and Lemma 2.3.7, we have

Zy(maf) = / o (/f(xl t a1, To(n) T Ao(n)s - +»Tn +an)d$a(n)) "'dxa(l)

= / (/f(xl —|—a1,...,xg(n),...,xn+an)da:(,(n)> e dzgr).

That is to say, by taking first the lower Riemann integral with respect to the variable z4(,), we may
replace T,,, + Qg (n) With 2, (s in the first line of (2.3.33) and thus eliminate the effect of the translation
on the o(n)-th variable. We now perform an induction on n, i.e. the number of variables. The case n =1

(2.3.33)

is settled by Lemma 2.3.7 already. We make the induction hypothesis, we assume that the corresponding
result holds for bounded compactly supported functions of n — 1 variables, and it suffices to establish
(2.3.29) under the induction hypothesis.

We set © — oo to be the element (z1,.. .,.7}/[,-(:), ..., Ty) € R"™1 where the hat notation a:/o(\n) means
the number 5, is removed from (z1,...,2,). The notation Ay € R"! has a similar meaning. We
set

n—1
(2.3.34) U(n /f L1ye.oy, L Lo (n) :Ea/(;) eR .
Then ¢ : R*~! — R is clearly bounded and compactly supported because f is so. By definition, we have
(2335) Za(f) = (la’(l) SR OZU(H—l))(g)'
By the induction hypothesis, we have
(2.3.36) (Zoyo 0 Zoino1))(9) = (Zoy© - 0 Ly(n-1))(Ta o 9)-

However, by definition, we have

(la(l) SR Olg—(n—l))(’rao_@)g)
(2.3.37)
_ / .. </f(x1 +a1,.- -, To(n)s -3 Tn + an)dxa(n)> .. .dxg(l).

From the above, we obtain

L, (1af) = / (/f T1+a1,...,Ton); -5 Tn —l—an)dxg(n)) --~dmg(1) (by (2.3.33))
= (Zomy o 0 Lon-1)) (Ta;,9) (by (2.3.37))
= (Zyyo 0 ZLypon))(9) (by (2.3.36))
=Z,(f) (by definition of Z, (f)).

This proves (2.3.29).
Now (2.3.30) follows from (2.3.29) by noting that

(2.3.38) To(1af) = Lo (1a(=f)) = =L, (—f) = Lo(f).
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To construct a theory of volumes via Proposition 2.3.12, we need the following preparation on char-
acteristic functions. Recall that we use x4 to denote the characteristic function of the set A.
Proposition 2.3.13. — Let X be a set. Consider all characteristic functions of subsets of X as maps
from X to R (in fact, one can replace R with any non-zero ring). The following hold.

(1) If AC X, then A= x,'(1) and

(2.3.39) XAc = Xx\4 =1 — xa.
(2) If A,B C X, then

(2.3.40) ANB=10 < xaup=xa+ X5
(3) If A,B C X, then

(2.3.41) XAB = XAXB

(2.3.42) xa\B = Xxa(l —xB) = xa — XaAXB

and

(2.3.43) XAUB = XA + XB\A = XA + XB — XAXB-
(4) If in addition, X is a vector space, and A C X, then

(2.3.44) XAta = ToXA-
(5) If in addition, X is a topological space, then

(2.3.45) supp xa = A.

Proof. — All of these are just routine check which we leave to the reader. O

Definition 2.8.14. — Fixann € NT andao € S,,. Asubset A C X is called successively contented
with respect to (the order) o, if x4 € RS, (R™). In this case, the number Z,(x 4), which is denoted by
vs(A), is called the successive content, or successive volume, of A, with respect to o. The collection
of successively contented sets is denoted by O, (R™) and v, : O,(R™) — R denotes the obvious map
A o,(A).

Corollary 2.3.15. — Fiz ann € NT and a o0 € S,,. Let OR™) C O,(R™) be a sub-collection of
successively contented sets with respect to o. If O(R™) satisfies the axzioms (O1), (02) and (O3), then
the pair (O(R"), Ve [o(Rn)) is a theory of volumes.

Proof. — Let v := v, |omn). It suffices to check that (O(R™),v) satisfies the axioms (v1), (v2) and
(v3). The positivity of successive integrals (Proposition 2.3.12 (2)) implies that v(A) = Z,(xa) > 0 for
any A € O(R") C O,(R"), so (v1) is verified. If A, B € O(R"™) with AN B =0, then xaup = x4 + XB
by Proposition 2.3.13 (3), hence by Proposition 2.3.12 (1), we have xaup € RS,(R") with

V(AU B) =Z,(xauB) = Zo(xa + xB) = Zo(xa) + Lo (x8) = v(A) + v(B).
This establishes (¢2). For (v3), it suffices to apply Proposition 2.3.12 (4) and Proposition 2.3.12 (3). O

Remark 2.3.16. — There is an obvious example of Corollary 2.3.15: just take taking O(R™) to be
P(R™). However, the real interest of this corollary lies in studying “larger theory” of volumes. This
leads to the natural question of whether O, (R™) itself satisfies the axioms (O1), (O2) and (03). It is
easy to see from Proposition 2.3.12 and Proposition 2.3.13 that the axioms (O2) and (O3) are indeed
satisfied by taking O(R") := O,(R™), and that (O1) is satisfied in this case if and only if O,(R") is
stable under taking finite intersections. As of this writing, the author of these notes does not know
whether the latter always holds or not. More generally, the author does not know whether RS, (R™)
is stable under taking pointwise multiplication, unless n = 1, in which case we do have an affirmative
answer (Proposition 2.3.8).

Remark 2.3.16 naturally leads us to consider the class of bounded, compactly supported real-valued
functions on R™ that are successively Riemann integrable with respect to any o € S,, and that the
resulting integrals share a common value that is independent of the choice of o.
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Definition 2.3.17. — A function f : R™ — R is called successively Riemann integrable, if f €
Noes, SRs(R™) and Z,(f) is independent of o € S,,. In this case, we write Z(f), or [ f, or [p, f(t)dt,
for the common value of Z,(f), o € Sy, and call it the successive Riemann integral of f. We use
SRs(R™) to denote the space of all successively Riemann integrable real-valued functions on R"™, and we
define O4(R™) by

(2.3.46) Os(R™) :={ACR"| xa € RSs(R")}.
Elements of Os(R™) will be called successively contented sets. We also define
vs: Os(R") = R

(2.3.47) Ao T0c),

and call v5(A) the successive content, or successive volume, of A for any A € O;(R").

Remark 2.3.18. — We have a terminology for the property that the number Z,(f) is independent
of the order o € S,, with respect to which we take successive integrals: this is called the Fubini-type
property after the Italian mathematician Guido Fubini. We will encounter an important theorem in our
integration theory that bares his name, which states that certain functions, called successively contented
Riemann integrable functions, enjoy this Fubini-type property.

Remark 2.3.19. — Based on the materials in this section, one can already develop most, if not all, of
the Riemann integration theory in R™, using only successive (upper/lower) Riemann integrals from the
familiar one dimensional case. The only missing key property that we haven’t established is the change
of variable formula. But the latter can also be established without much pain if we are willing to do
some work related to the inverse mapping theorem. This is the approach adopted e.g. in Walter Rudin’s
famous book Principles of Mathematical Analysis (see also one of the optional problem sets for a slightly
more general case than considered by Rudin). One principle reason that we do not pursue this tempting
idea further is that we wish to speak of more general symmetries than the translation-invariant ones for
a “good” theory of volumes, another reason is that we wish to describe Banach space valued integrals,
in which case the approach in this section no longer works, since there is no corresponding notion of
upper/lower Riemann integrals because of the lack of a nice order structure on a general Banach space.
This being said, let us mention that from the perspective of developing a good theory of volumes that
can measure larger classes of sets than P(R™), the process of taking successive integrals almost succeeds,
but still not quite yet (see Remark 2.3.16). This is a third good reason why we will introduce the theory
of Jordan sets and contents, which do provide such a good theory of volumes.

2.4. Jordan Sets and Contents

Fix an n € N* through this section. Take any ¢ > 0 and consider our unique theory of volumes
(P(R™), v.) on the collection P(R™) of paved sets with v.(0§) = c. When ¢ = 1, we simply write v, as v,
S0 v, = cv by uniqueness of v,.. Since the very beginning of calculus, approximation is the principle idea,
which naturally leads us to formulate the following definition of subsets of R™ that can be approximate
by paved sets from the outside and inside to an arbitrary precision.

Definition 2.4.1. — A subset A C R" is called a Jordan set, if for each £ > 0, there exists P,Q €
P(R™), such that P C A C @, and

(2.4.1) v(Q\P)=v(Q)—-v(P)<e.

We use J(R") to denote® the collection of all Jordan sets in R™.
Lemma 2.4.2. — If A € J(R"™), then there exists a unique number r € R such that for any P € P(R"),
we have A C P implies that r < v(P) and P C A implies v(P) < r. Moreover,

(2.4.2) r=sup{v(P) | P € P(R") and P C A} =inf{v(Q) | Q € P(R") and A C Q}.

(2)We warn the readers that some authors, e.g. in Dustermaat & Kolk, Multidimensional Real Analysis, volume 2, use the
same symbol J(R"™) to denote the collection of compact Jordan sets.
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Proof. — By definition of the supremum, P € P(R™) and P C A implies v(P) < r if and only if

(2.4.3) r > sup{v(P) | P € P(R") and P C A}.

Similarly, by definition of the infimum, @ € P(R") and A C @ implies r < v(Q) if and only if

(2.4.4) r <inf{r(Q)| Q € P(R™) and A C Q}.

By definition 2.4.1, we have

(2.4.5) sup{v(P) | P € P(R") and P C A} =inf{v(Q) | Q € P(R") and A C Q},

which is easy to see is the unique desired value of r. O

Clearly, if A itself is a paved set, then the unique number r in Lemma 2.4.2 is exactly v(A). This
means that the notation introduced in Definition 2.4.3 will cause no ambiguity.
Definition 2.4.3. — For any Jordan set A € J(R"™), the unique number » € R in Lemma 2.4.2 is
called the Jordan content, or the volume of A, and is denoted by v(A4), i.e.

(2.4.6) v(A) =sup{v(P) | P € P(R") and P C A} =inf{v(Q) | @ € P(R") and A C Q}.

Notation 2.4.4. — From now on, unless stated otherwise, we will no longer use v to denote the volume

function of an arbitrary theory of volumes, but reserve it for the volumes of Jordan sets.

Exzample 2.4.5. — (Exercise) Take any box (12 in R", the box itself, the interior of this box and the

closure of this box are all Jordan sets. More generally, for P € P(R"), we have P, Int(P), P € J(R").
More generally, we may also relate Jordan set to successively contented sets as follows.

Proposition 2.4.6. — For any A € J(R™), we have A € RSs(R") and v(A) = vs(A).

Proof. — We need to show that for any o € S™, we have x4 € RS,(R"), and Z,(xa) = v(A). Indeed,

for any € > 0, choose P,Q € P(R") so that P C A C @, then xp < xa < xq- It follows that

(2.4.7) v(P) =Zs(xp) < L,(xa) < Ls(xa) < Ls(xq) = v(Q)-
Now since A is a Jordan set, (2.4.7) implies that
v(A) =sup{v(P)| P C Aand P € P(R")}

(2.4.8) <Z,(xa) £ Zo(xa)
<inf{r(Q)| Q2 Aand Q € PR")} =v(A).
This forces x4 € RS, (R™) with Z,(x4) = v(A), as desired. O

Merely from the definition, we can establish via some ad-hoc method that many of the usual geometric
object in R™, such as the n-dimensional balls, ellipsoids, n-simplicies®), etc., are all Jordan sets. For
theoretical efficiency, we do not pursue this at this stage, but instead turn to a very useful characterization
of Jordan sets, which will give a more systematic treatment of these examples. For better understanding
such a characterization, we introduce some preparation.

Lemma 2.4.7. — Let O be a box in R™ (recall Definition 2.1.9). Then for any & > 0, there exists a

box Dgf and a box By = Dgf, such that

(1) p1,p2,q1,92 € Q";
(2) Oz < Int (007) € Of € O
(3) we have
v (O \O5) +v (O \Op) =v (O \Of2) <.
Proof. — The lemma is trivial if (1% = (), so we treat the non-empty case in the following, which means
a < b (see Notation 2.1.1). Let a = (a;) and b = (b;), i = 1,...,n. For each i, since a; < b;, we may
choose p1;, p2i, q1i, g2; € Q, such that

(2.4.9) V1l <i<n, Qi < a; < pr; < po; < by < qo;.

(3)The word “Simplicies” is the plural form of the word “simplex”.
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Set p1 = (p14), p2 = (P2i), @1 = (qui), g2 = (gai), which immediately guarantees (1) and it follows from
(2.4.9) that we have (2). Finally by choosing p1;, g1; close to a; and pa;, ga; close to b; for each i, we can
make (2.4.9) hold and the lemma is proved. O

Definition 2.4.8. — For N € Nt and ky,...,k, € Z, we set

. . (k1 +1)/N,....(kn+1)/N)
(2.4.10) O(Ns k... ky) = D(kll/N,...,kn/N) :

We call boxes of the form (2.4.10) a grid box of level N. A paved set is called a grid paved set
of level N if it is a finite union of grid boxes of level N. More generally, boxes of the form (02 with
a,b € Q™ are called rational, and paved sets in R™ are called rational if it is a finite union of rational
boxes.

Corollary 2.4.9. — For any P € P(R™) and any € > 0, there are rational Py, P» € P(R™), such that

(2.4.11) PLCP CInt(P)C PCPCInt(P) CP.

and

(2.4.12) v(P\ P) <e.

Proof. — This follows from the definition and Lemma 2.4.7. We leave the details as an exercise. O

Lemma 2.4.10. — The following hold.
(1) For every N € NT, we have the decomposition

(2.4.13) R'= || OW;ki,... kn)
(k1. sk ) EZ™

of the whole space R™ into the disjoint union of all grid bozes of level N.

(2) Each rational box is a finite disjoint union of grid bozes of level N for some N € NT.

(3) If N1, N2 € N and Ny | Ny (recall from elementary number theory course that this means Ny divides
Ny ), then each grid box of level Ny is the disjoint union of exactly (No/N1)™ grid boxes of level No.

(4) For finitely many rational Py, ..., P, € P(R™), there exists an N € NV such that every P,
1 <i<m is a grid paved set of level N.

Proof. — (1). For any real number r € R, there exists a unique k € Z, such that k/N <r < (k+1)/N,
namely k = [Nr] (-] is the Gauss floor function). It follows from this that for any = = (z;) € R, the
point ([Nx1],...,[Nx,]) € Z™ is the unique point in (k1,...,k,) in Z™ such that z € O(N; k1, ..., kn),
which yields the decomposition (2.4.13).

(2). For each rational box (1% with a = (a;) and b = (b;), we know a;,b; € Q for all i = 1,...,n by
definition, hence we can write a; = r;/s; and b; = w;/v; with r;,u; € Z and s;,v; € NT for each i. Taking
N = ([T, (siv;)) € N*, it is easy to see that each grid box of level IV either is contained in [0} or is
disjoint from [(%. Hence (12 is a disjoint union of grid boxes of level N. Since each grid box of level N
has the same positive volume (which is 1/N™) and (0% has finite volumes, it follows that [1? is a finite
disjoint union of grid boxes of level N.

(3). Since No/N; € N, we see that for any grid box B; (resp. Bs) of level Ny (resp. Na), we have
either ByN By = 0 or By C By. It follows from the decomposition in (1) that each grid box B of level N;
is a disjoint union of grid boxes of level No. The volume of each grid box of level Ny is Ny ", while the
volume of B is Ny ™. Hence the number of grid boxes of level N in the aforementioned decomposition
of Ny is exactly Ny " /Ny ™ = (N2/Ny)™.

(4). We know from the decomposition (2.4.13) that it suffices to show that for a suitable choice of
N € NT, each P;, 1 <i < m is a finite union (necessarily disjoint) of grid boxes of level N. By definition
of rational paved sets, there are decompositions

(2.4.14) Vi=1,...,m, Pi= | By,
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where each m(i) € N and each B;; is a rational box. By (2), there exists an N;; € NT for each (i, j)
such that B;; is a finite disjoint union of grid boxes of level N;;. Let N € N* be the product of all these
N,j’s, then (4) follows (2.4.14) and (3). O

Definition 2.4.11. — A bounded set A C R™ is said to be Jordan negligible, or of Jordan content

zero, if for each € > 0, there exists a P C P(R"), such that v(P) < e and A C P.

Remark 2.4.12. — (Exercise) All Jordan negligible sets are Jordan sets with Jordan content 0. Finite

union of Jordan negligible sets remains Jordan negligible and so is any subset of a Jordan negligible set.
We may now give our desired characterization of Jordan sets.

Proposition 2.4.13. — Let A CR" be a bounded set. The following are equivalent.

(1) The set A is a Jordan set.

(2) For each e > 0, there exists rational paved sets P,Q € P(R"), such that P C Int(A) C A C Q and
v(Q\ P)<e.

(3) The boundary OA is of Jordan content zero.

Proof. — We give a brief sketch and leave the details as an exercise. (1) implies (2). This follows from
Corollary 2.4.9.

(2) implies (3). This follows directly form the definition of Jordan negligible sets.

(3) implies (1). Take any € > 0. By definition of Jordan negligible sets, there exists Py € P(R") with
v(Py) < e and A C Py. By Corollary 2.4.9, we may assume Py is rational, hence is a grid paved set of
level N for some N € NT by Lemma 2.4.10. Set

(2.4.15) P = U O(N; k1, ..., k).
(K1 see ki ) EZT
O(Niky,....kn ) CInt(A)
Then the boundedness of A implies (2.4.15) is a finite union. On the other hand, for any grid box B of
level N with BN A # (), either B C Int(A), in which case B C P, or BNJA # (), in which case B C P.
Set Q := P U P,. From our construction, we see that P C Int(A) C A C Q, hence

(2.4.16) 0A=A\Int(A) CQ\PC PR

and v(Pp) < € implies that v(Q \ P) < e so A € J(R") as desired. O
As a corollary, we may finally construct a theory of volumes “larger” that encompasses more than just

paved sets.

Corollary 2.4.14. — The pair (j(R"), 1/) is a theory of volumes. Moreover, if (O(R"),,u) is a theory

of volumes such that O(R™) O J(R™), then there exists a unique constant ¢ > 0, such that ji | 7gny= cv.

Proof. — We first check that (J(R™),v) is indeed a theory of volumes. It is clear that 7 (R") is stable

under all translations and 00§ € J(R™). If A, B € J(R"), then

(2.4.17) d(AUuB)=AUB\Int(AUB) C (AU B)\ (Int(4) UInt(B)) C 0AU IB.

It follows from Remark 2.4.12 and Proposition 2.4.13 that (A U B) is Jordan negligible. Similarly, we
have

(2.4.18) (AN B) =0(A°U B C0A°UIB® = 0AUIB,
and
(2.4.19) O(ANB)=90(ANB°) COAUIB=0AUIB.

Hence ANB, A\ B € J(R"). Now by Corollary 2.3.15 and Proposition 2.4.6, we see that (7 (R"),v) is
a theory of volumes.

If u(00§) = 0, then the theory (O(R™),pu) is trivial since any bounded set is contained in a finite
disjoint union of grid boxes of level 1. In this case, it is clear that ¢ = 0 is the unique constant such that

w7 @ey=cv.
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Now suppose ¢ := p(0§) > 0. Set g := ¢~ 'p. Then (O(R"), o) remains a theory of volumes with
1o(0§) =1, 80 o [p@ny= v [p@n). Now for each A C J(R™), from P C A C Q with P,Q € P(R"), we
see that

(2.4.20) V(P) = 0(P) < pio(A) < o(Q) = ¥(Q).
Since we choose P,Q € P(R™) so that v(Q) — v(P) = v(Q \ P) can be as small as we want, (2.4.20)
forces po(A) = v(A) and o [ 7@ny= v, i.e. i [ 7ny= cv. The proof is now complete. O

Corollary 2.4.15. — If A€ J(R"), then for any B C R™ with Int(A) C B C A, we have B € J(R")
and v(B) = v(A).

Proof. — Since 0A € J(R™) with v(0A) = 0 by Remark 2.4.12, we see from Corollary 2.4.14 that
Int(A) = A\ 0A € J(R™). Note that A\ Int(A) C JA, we have

(2.4.21) v(Int(A)) < v(A) = v(Int(A)) + v(A\ Int(A4)) < v(Int(A)) + v(0A) = v(Int(A)).

Hence v(Int(A)) = v(A). Moreover, for any Int(A) C B C A, we still have B\ Int(A) C A\Int(A) = A,
hence B\ Int(A) is a Jordan negligible set. It follows from Remark 2.4.12 and Corollary 2.4.14 again
that B = Int(A) U (B \ Int(A)) is a Jordan set, with v(B) = v(Int(A4)) = v(A). O

Definition 2.4.16. — A map f: X — Y between two metric spaces is called Lipschitz, if there exists
a constant k£ > 0, such that

(2422) le,xg S X, dy (f((El), f(xz)) <k- dx(xl,xg).

It is clear that Lipschitz maps are automatically continuous.
Proposition 2.4.17. — If U C R" is open, and f : U — R™ is a Lipschitz map, then the following
hold.

(1) The map f is still if we replace the usual Euclidean metric on U and R™ by the metric induced by
. -

(2) For any Jordan negligible set A C R™ with A C U, the set f(A) remains Jordan negligible.

(3) If f is also open, then for any A € J(R™) with A C U, we have f(A) € J(R™). This applies in
particular to the case where f is a Lipschitz homeomorphism from the open set U onto an open set
in R™.

Proof. — (1). On the finite dimensional vector space R", the norms |[-||  and ||| are equivalent, i.e.
there exists ¢, C' € |0, +oo[, such that c[|-|| < ||-||., < C||||. Note that f is Lipschitz, there is a constant
k € R be a constant such that

(2.4.23) V1,29 € U, IIf(z1) = fz2)|| < Kkl|lz1 — 2.
We then have
(2.4.24) Vai,22 € U, 1f(x1) = f(z2)]loo < Cllf(21) — f(@2)|| < Ckllzy — 2| < Che™ My — w2 -

Hence f is still Lipschitz if we use the metric induced by ||-||,, on R™ and on U.
(2). Take any non-empty B = % C U. Then set ¢ :== (a+b)/2, l = ||b—al|_ /2 and K = Ckc™?,

then B = Boo(c,l) and by (2.4.24), we have

(2.4.25) VeeB,  |f(z) = flo)ll, < Kllz—cll, < KL,
hence f(B) C By (f(c), Kl). It follows that

(2.4.26) v(f(B)) <v (Bm (F(o), Kl)) = K™(20)" = K"u(B).

Since A C U and A is compact, there is a § > 0 such that B.,(z,l) C U whenever € A and 0 < [ < 6.
Now fix an arbitrary € > 0. By Corollary 2.4.9 and Lemma 2.4.10, we may find a grid paved set P with
level N for an N large enough so that 1/N < §, such that A C P and v(P) < ¢, with P being a finite
disjoint union of grid boxes of level N. If B is a grid box of level N, then B is a closed ball of radius
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1/(2N) (so of diameter 1/N) with respect to ||-|| ., hence if BN A # 0, then choose any b € BN A, we
have

— 1
(2.4.27) Vo € B, |z — bl < N < d.
Hence B C B, (b,6) C U, and by throwing out grid boxes of level N that do not intersect with A, we
may assume P C U. Writing P = U™, B, as a finite union of grid boxes of level N, we then have, by
(2.4.25), that

m m

(2.4.28) fAacrP clJr@clye,

i=1 i=1
where C; is of the form By, (¢c;, K/(2N)) with ¢; being the image of the center of B; under f. Being the
closure of boxes, all C; are Jordan set, hence U, C; € J(R™). Finally, by (2.4.26), we have

(2.4.29) v ( " Cl> < zm:y(cz) < K“iy(g) = K”iy(Bi) = an/(P) < K"e.

i=1 i=1

Since € > 0 is arbitrary, this shows that f(A) is indeed Jordan negligible.

(3). Since equivalent norms give the same topology on R™, we see that f : U — R™ is open regardless
which norm on R™ we choose. On the other hand, A being compact, we see that f(A) is compact, hence
closed in R™. Thus f(A) D f(A). Since f is continuous (all Lipschitz maps are), we have f(A4) 2 f(A).

Hence f(A) = f(A). On the other hand, since f is open, the set f(Int(A)) is open in R™, hence
f(Int(A)) CInt(f(A)). Hence

(2.4.30) 9(f(A)) = f(A) \ Int(f(A)) € f(A)\ f(Int(A)) C f(A\Int(A)) = f(A)
By (2), this implies that 9(f(A)) is Jordan negligible and f(A) € J(R™) by Proposition 2.4.17. O

Exzample 2.4.18. — (Exercise) Consider the map f : R” — R™ defined by f(0) = 0 and f(x) =
( llz] ) x if x #£ 0. Then f is a Lipschitz homeomorphism, and f(BOO(O, 1)) is exactly the closed unit

llzll o

ball B, = {z € R" | ||z|| < 1}, which shows that B,, € J(R") by Proposition 2.4.17.

We now describe more ways to construct Jordan sets.
Lemma 2.4.19. — Let Ac JR™). If f: A = R* (k € N*) is a bounded uniformly continuous map,
then graph(f) is Jordan negligible in R™ x RF = Rk,
Proof. — To distinguish the Jordan contents on R™, on R¥ and on R***, we use respectively the symbol
Un, Yk and vy to denote the corresponding Jordan contents. Take any € > 0. Since ||-||  is equivalent
to the Euclidean norm |[|-|| on R™ and R*, the map f remains uniformly continuous and bounded as a
map from A C (R”, |-||.) to (R¥,||-]|). By this uniform continuity, there exists § > 0, such that for all
a,b e A with |la —0b|| < 6, we have ||f(a) — f(b)||., < e. By Lemma 2.4.7, 2.4.10, Proposition 2.4.13
and Corollary 2.4.15, since A € J(R"™), there exists a rational P € P(R™) which is a grid box for some
large N € NT with 1/N < §, such that P C Int(A), and v, (Int(A) \ P) < e. Hence

(2.4.31) Un(A\ P) = vp(A) — v (P) = vp(Int(A)) — vp(P) = vp(A\P) < e.

Hence by definition of the Jordan content, reasoning as above, by replacing N with a suitable integer
multiple of N if necessary (so we still have 1/N < §), we may find a grid paved set Py € P(R™) of level
N such that v,(Py)) < € and A\ P C Py. Now let P = U™, B; be the decomposition of P into the
(disjoint) union of grid boxes of level N, we see that

(2.4.32) graph(f [p) = | | graph (f I5,).
i=1

Since for each ¢ = 1,...,m and all z,y € B;, we have |z —y|, < 1/N < 4, it follows that
Il f(z) = f(y)|l, < e. This implies that f(B;) is contained in a box C; in R* with each side of C; has
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length at most . In particular, v(C;) < e*. Clearly f(B;) C B; x C;, and B; x C; is a box in R"+¥
with

(2.4.33) Vnak(Bi x C) = vp(B;) - v (C;) < v, (By).

This holds for each i, hence by (2.4.32), we have

(2.4.34) graph(f [p) C Q1 := O(B,» x C})

with @1 € P(R""*) such that

(2.4.35) v(Q1) < i Vnr(Bi x C;) < &k iyn(Bi) = cku, (P) < e*vp(A).
i=1 =1

On the other hand, let M > 0 be a constant such that ||f(z)]|
particular, that

< M for any x € A. We have, in

o0

(2.4.36) graph(f [p,) € Qo := Py x Oy,

where M = (M, ..., M) € RF. Clearly, Qo € P(R"**), and

(2.4.37) Unik(Qo) = (2M)*u, (Py) < e(2M)*.

Set Q := Qo U Q; € P(R"*). We see from A C Py U P that

(2.4.38) graph(f) C graph (f [p,) Ugraph(f [p) C Qo U Q1 = @,

and by (2.4.35) and (2.4.37), we have

(2.4.39) Ve k(@) < (@) + v (Q1) < (M) + 2y (A).

Since € > 0 is arbitrary, (2.4.38) and (2.4.39) together implies that graph(f) is a Jordan content zero set
in R*TF, O

Lemma 2.4.20. — If Ac J(R"), B € J(R*) n,k € N*, and identify R™ x R* canonically with R"+*
(we write this as R™ x R¥ = R"** in the following), then

(1) we have
(2.4.40) (A x B) C ((04) x B) U (A x 0B),

and both sides of (2.4.40) are Jordan negligible sets in R™"tF;
(2) denoting the Jordan content on J(RY) by vy for | = n,k,n + k, we have

(2.4.41) Ax B e JR"F)
and
(2.4.42) Un+k(A X B) = v, (A)vg(B).
Proof. — By now, this lemma should be a routine exercise, and we leave the details to reader. O

Proposition 2.4.21. — Suppose A € J(R™) is compact, and f,g: A — R continuous. Consider the
set

(2.4.43) S(f,9) == {(z,t) ER" x R=R""" | f(x) <t <g(x)} CR"".
Then the following hold.

(1) There exists M > 0, such that |f(x)| < M,|g| < M for all z € A.
(2) The set S(f,g) is compact in R™T1.
(3) We have

(2.4.44) dS(f,g9) C ((BA) X [—M, M]) U graph(f) U graph(g),

and both sides of (2.4.44) are Jordan negligible sets in R"T1. In particular, S(f,g) € J(R"TF).
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Proof. — (1). This holds since A is compact and continuous functions are bounded on compact sets.
(2). Clearly S(f,g) is bounded. So it suffices to show that S(f,g) is closed, or equivalently, that
R\ S(f, g) is open, which follows easily from the continuity of f and g (exercise).
(3). We first establish (2.4.44). Consider any (zo,t9) € 9S(f,g) with g € R™ and t; € R. Let
71 : R = R™ x R — R" be the projection (z,t) + x. Clearly, S(f,g) C A x [-M, M]. Hence,

(2.4.45) 95(f,9) €S(f.g) € Ax[-M, M].
We now have
(2.4.46) xo = m(x0,t0) € m(9S(f,9)) C m (A x [-M, M]) C A.

To establish (2.4.44), it suffices to show that either zy € OA or ty € {f(x0), g(xo)}. We suppose that
neither of these holds, and show that this leads to a contradiction. Indeed, since (zo,t0) € 9S(f,g) C
S(f,g), we have f(xo) < to < g(xo). Since to ¢ {f(x0),g(x0)}, we must have

(2447) f(xo) <ty < g(l'o)

On the other hand, we have zy € A\ A = Int(A). Hence by continuity of f and g as well as the openness
of Int(A), we see that there exists an open neighborhood Uy of 2y and an open interval Iy containing ¢,
such that Uy C Int(A) and

(2.4.48) Y(z,t) € Uy x I, flz) <t < g(z).
This means
(zo,t0) € Ug x Ip € Int(S(f, 9)),
which contradicts (xg,to) € S(f,g). This contradiction finishes the proof of (2.4.44).

Note that continuous functions on compact sets are automatically uniformly continuous, by
Lemma 2.4.19, we see that graph(f) and graph(g) are Jordan negligible in J(R™). By Lemma 2.4.20,
we see that (0A) x [—M, M| is Jordan negligible. Since Jordan negligible sets are stable under taking
finite union, we see that the right side of (2.4.44), hence both sides of it, are Jordan negligible. That
S(f,g9) € J(R"1) now follows from Proposition 2.4.13, which completes the proof. O

Example 2.4.22. — (Exercise) Using Proposition 2.4.21, we can easily show (e.g. by induction), that
some simple geometric figures such as the ball B(a,r) = {z € R" | ||z — a|| <7} in R™, or more gencrally
the ellipsoid

(2.4.49) E(a;ry,...,m) = {x = (z;) e R"

Zn: (m; ;2‘“)2 < 1}

i=1 g

where a € R™, 7,71, ...,7, > 0, as well as the n-simplex

i=1

(2.4.50) A, = {x € R,

are all Jordan sets.

2.5. The Effect of Linear Transforms

Still fix a dimension n € NT in this section, and consider a linear transformation 7' : R® — R™. Here,
by transformation, we mean an invertible map, so T' € GL,,(R™). For convenience of discussion, in this
section, we shall also abuse the notation, and use the same symbol S to denote the matrix under the
standard basis for any linear operator S : R™ — R", so Sz can be computed by matrix multiplication if
we regard vectors in R™ as row vectors.

Proposition 2.5.1. — For any linear transformation T € GL,(R™) = Aut(R") = Iso(R",R"), the
map

o7 J(R") = TJ(R")

(2.5.1) A s T(A)
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is a well-defined bijection, and v(T(A)) = |det T|v(A) for any A € J(R™).
Proof. — Note first that T is a Lipschitz homeomorphism, since T : R” — R" satisfies | Tz|| < ||T - ||zl
with 77 : R® — R" as its inverse. It follows from Proposition 2.4.17 that T(A) € J(R"™) for any
A e J(R"™), i.e. Pr is well-defined. By a routine check ®7-1 and &1 are inverses to each other and @
is indeed a well-defined bijection.

Now for any S € Aut(R"™), define vs : J(R™) — R by vs := v o ®g. Then a routine check shows that
(j (R™), 1/5) remains a theory of volumes. Hence by Corollary 2.4.14, there exists a unique constant cg
such that vg = cgv, i.e.

(2.5.2) VA e J(R"™), v(5(A)) = vs(A) = csv(A).

If Sy, S5 € Aut(R"), we have

(25.3) VA€ J(RY),  cs5v(A) =v((S15)(A)) = y(sl (SQ(A))) = c5,1(S2(A)) = cs,c5,v(A).
Taking A = 0§ in (2.5.3) gives

(2.5.4) VS, Sy € Aut(R"),  cs,s, = Cs,Cs,.

With these preparation, we aim to show that ¢y = |det T'|, which will finish the proof.
Consider first the strictly positive definite matrix 77 From linear algebra (or one of the homework
exercise using Lagrange multipliers), there exists an O € O(n,R), such that T'T = O'DO = O~'DO,

where D = Diag(dy,...,d,) is a diagonal matrix with dy, ..., d, on its diagonal, and each d; > 0 (since
T'T is strictly positive definite). Consider the diagonal matrix
(255) D1/2 = Diag(\/ dl,..., vV dn)

Clearly D%/Q = D. Set [T| := O~' Dy 50. Then |T)| is invertible, and
(2.5.6) 7> =07'D},0 =0"'DO =T'T.
We define V := T|T| ™" so that T' = V|T|. Now for each y € R", let = |T|™ 'y, we then have y = |T)z,
and we have
2 2 2 2

(2.5.7) Vyll™ = [IVITIz ™ = [T=]" = [lylI"-
So V € O(n,R).

Clearly V(B,) = O(B,) = O7'(B,)) = B, € J(R"), where B,, is the closed unit ball (see Exam-

ple 2.4.18). Moreover, B,, has non-empty interior, which implies v(B,) > 0. Hence taking A = B,, in
(2.5.2), we see that

(2.5.8) cv =co =cp-1 = L.

On the other hand, it is clear that

(2.5.9) Dy 5(003) = OgY V),

So

(2.5.10) ¢p,,, =det Dy = Vdet D = /det(T*T) = /(det T)2 = |det T|.

From |T| = O7'D; 50, we see that

(2.5.11) ¢ir| = co-1¢p, ,co = |det T

Finally T = V|T| implies

(2.5.12) cr = cyeyp) = |det T'. O

Remark 2.5.2. — (Exercise) If T : R — R" is a linear map that is not invertible, then det T = 0 and
R(T) has a dimension strictly less than n. It follows that T'(A) is a Jordan negligible set in R™ (check
it) for any A € J(R™). Hence we have (check it)

(2.5.13) VT € L(R"), A€ J(R"),  T(A) € J(R") and v(T(A)) = |det T|v(A).
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2.6. Riemann Integrability

In this section, we continue to fix a dimension n € NT unless stated otherwise. Before systemat-
ically developing the theory of Riemann integrable maps and their Riemann integrals, we make some
preparation.

Definition 2.6.1. — Let E be a Banach space. A map g : R” — F is called paved if it is of the form

(2.6.1) g = ZCiXBi
i=1

where m € N, each ¢; € E and B; is a box in R™ (we make the convention that the empty summation is
0, corresponding to the m = 0 case).

Roughly speaking, paved maps from R”™ to E are the “linear combinations” of characteristic functions
of boxes with coefficients in E. Intuitively (and we will make this rigorous later), paved maps are the
obvious ones that one should be able to integrate. A natural idea for defining Riemann integrable maps
is to consider the compactly supported maps that admit suitable approximations by paved maps. We
now formulate this idea precisely.

Definition 2.6.2. — Let E be a Banach space, f : R® — E an arbitrary map, g : R® — E a paved
map. For £, > 0, we say g is an (e, J)-approximation of f, if there exists an A € J(R"), such that

(2.6.2) v(A) <4, and Ve e R™\ A, 1f(z) —g(2)] <e.

We say the map f is Jordan contented, or simply contented, if f is bounded and of compact support,
and for each ¢,§ > 0, there exists an (e, §)-approximation of f by a paved map.

Remark 2.6.3. — Even if f : R" — E admits an (e, §)-approximation by a paved map for any €, > 0,
the map f may still not be bounded, nor must it be compactly supported. For such an example of f
without boundedness, let (z,,)m>1 € R" be a sequence of distinct elements with lim,, o ., = 0 and
define f(z,,) = mand f(z) =0ifx ¢ {x,, | m € NT}; for such an example of f with uncompact support,
suppose By is the unique box whose interior is Boo (0, N) := {z € R" | ||z||, < N}, fix any £ € E'\ {0},
then the map

o0

£
N=1
is a well-defined map from R” to F that admits an (g, )-approximation by a paved map for all ,6 > 0,
but supp(f) = R™, which is not compact. This means that the assumptions of being compactly supported
and being bounded are both necessary in the definition of a contented map.
We track here some useful technical results concerning paved maps and (e, §)-approximations.

Lemma 2.6.4. — Let E be a Banach space, g : R® — E. The following are equivalent:

(1) g is paved;

(2) g is of the form

m
(2.6.4) > eixe,
i=1
where each ¢; € E and each P; € P(R™);

(3) there exists m € N and o disjoint family (B;)"™, of boxes (m = 0 corresponds to the empty family),
and (¢;) a finite sequence in E (m = 0 corresponds to the empty sequence), such that

m
(2.6.5) g= ZCiXBi-
i=1
Proof. — By now, this should be a routine exercise, and we leave the details as an exercise. O

Lemma 2.6.5. — Let E be a Banach space. If P € P(R™) and g : R™ — E is paved, then the map
xpg is also paved. More generally, if s : R™ — R is paved, then so is sg : R — FE.
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Proof. — Write
(2.6.6) g= icixgi,
i=1
with ¢; € E and B; a box for each i. Then
(2.6.7) Xpg = zm: CiXPXB, = zm: CiXPNB;-
i=1 i=1

Since P N B; € P(R™) for each i, then ypg remains paved by Lemma 2.6.4. The last statement follows
from the first by taking linear combinations. O

Lemma 2.6.6. — Let E be a Banach space, €,§ >0, f: R" — E any map, g : R — E a paved map,
and P € P(R™). If g is an (g, 0)-approzimation of f, then xpg is an (e,d)-approzimation of xpf.
Proof. — Since g is an (g, §)-approximation of f, there exists an A € J(R"™), such that v(A) < J, and

(2.6.8) {x e R" | If(z) —g(z)] > 5} C A.

Clearly,

(2.6.9) Ve eR",  |[(xpf—xpr9)(@)| = Ixp@)lf(z) —g(@)| < [If(z) — g(z)]],

it follows that

(2.6.10) {x cR" | lIxpf(z) —xpg()| > 6} - {x eR" | If(x) — g(z)] > 5} C A,

which, by Lemma 2.6.5, implies that xpg is an (g, §)-approximation of xp f. O

Besides giving a better idea of the (e,d)-approximation of a contented map by paved maps, the
following result will also be used in the proof of one of the implications in Theorem 2.6.20.
Proposition 2.6.7. — Let E be a Banach space, f : R™ — E a compactly supported map, g : R — FE
a paved map, £,6 > 0, and P € P(R™) such that P D supp(f). If g is an (g,8)-approzimation of f, then
xXpg is also an (e,d)-approzimation of f by a paved map.

Proof. — We have seen in Lemma 2.6.6 that xpg is an (e, §)-approximation of xp f, i.e.

|6 (@) = (o P) @)l > £} € 4,

On the other hand, since P D supp(f), we see that (xpf)(z) = 0 = f(x) for all x € R*\ P, while
(xpf)(z) = f(z) for all z € P since in this case xp(z) = 1. Hence

(2.6.11) JAe J(RY), v(A)<5 and {x eR™

(2.6.12) {ee®R"| (xph)@) # f@@)} SP\P=0P.
Set B:= AUOP € J(R"). Clearly,

(2.6.13) v(A) < v(B) < v(A) + v(dP) = v(A),
(2.6.14) v(B) = v(A) <5,

while by (2.6.11) and (2.6.12), we have

(2.6.15) {x cR"

I1f(z) = (xpg)(@)| > 5} C B.
The proposition is now established by (2.6.14), (2.6.15) and Lemma 2.6.5. 0

As mentioned before Definition 2.6.2, the principle reason that we introduce contented maps is that
we want them to be a class of compactly supported maps that can be approximated by paved maps in a
good sense that is suitable for developing integration theory. Motivated by measuring the difference of
Riemann sums, we introduce the following terminologies and notation.
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Definition 2.6.8. — Let f:R" — E be a map with n € NT and FE a Banach space. The amplitude
of f on any non-empty S C R", denoted by W(f,.5), is defined to be the number

(2.6.16) W(f,8) = sup{|lf(z) = fW)] | 2,y € S} € [0, +0q].

The total oscillation of f on a Jordan set A € J(R™) with v(A) > 0, denoted by w(f, A), is defined to
be the number

(2.6.17) w(f, A) = W(f, A)w(A) € [0, +00].

If A C R” is Jordan negligible and f(A) is bounded®), then we also define w(f, A) := 0, and call it the
total oscillation of f on A, this applies even to the case of A = ().
Definition 2.6.9. — Let A € J(R™). By a Jordan partition, we mean a finite disjoint family
A = (A;)72, of Jordan sets such that A = U2, A;. In this case, for any map f : R™ — E to a Banach
space E, we set

m
(2.6.18) w(f, A) = w(f, A),

i=1
provided that for each 4, v(A;) = 0 whenever f(A;) is unbounded. For this f and A, elements of the
form(®)

(2.6.19) S flav(A),  x €A

A, £0
are called Riemann sums of f with respect to A. We say another Jordan partition A’ = (A;-)?Zl of A
is finer than A, or A is coarser than A’, if each A;- is contained in some A;.
Notation 2.6.10. — We use the notation S(f,A) to denote the set of all Riemann sums of [ with
respect to A, where f and A are as in Definition 2.6.9.
Proposition 2.6.11. — Let E be a Banach space and f : R™ — E any map. If A1 and As are two
Jordan partitions of any fixred A € J(R™) such that Ay is finer than A, then

(2.6.20) w(f,A2) <w(f,Aq).
Proof. — Let Ay = (4;)%, and Ag = (Bj)é-:l. Since A is finer than A;, we see that
(2.6.21) Vi € {1,...,’/77,}7 A; = qugAiBj-

Clearly, W(f, B;) < W(f, A;) if B; C A;. Hence
w(f, Ai) = W(f, Aiv(Ai) = W(f, Ai) Y v(By)

B, CA,
(2.6.22)
> > WL BBy = 3 w(f.B)):
B;CA; B;CA;
Taking the sum of both sides of (2.6.22) over i, we obtain w(f, A1) > w(f, Az). O

Remark 2.6.12. — (Exercise) Intuitively speaking, for any f : R™ — E, and any Jordan partition A
of a Jordan set A € J(R™) with A D supp(f), the quantity w(f, A) measures the margin of error of the
corresponding Riemann sums. More precisely, if s1,s2 € S(f, A), then

(2.6.23) l[s1 = s2fl <w(f,A).

Then Proposition 2.6.11 says that for any ¢ > 0, if there exists a Jordan partition A of A such that
w(f,A) < e, then for any Jordan partition A’ of A that is finer than A and any s},s, € S(f,A’), we
will have

(2.6.24) 181 = 85l S w(f, A') Sw(f,A) <e.

) S0 we have W (f, A) is finite in the case A # ), and we won’t have to deal with co-0 when defining w(f, A) := W (£, A)v(A).
(5)We make the usual convention that the empty sum is 0.
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This gives us a precise way to control the “uncertainty” of Riemann sums, which will be important when
we define Riemann integrals of Riemann integrable maps.

Traditionally, instead of the more general and more flexible Jordan partition, the theory of Riemann
integration is closely related to special Jordan partition where each member is a (closed) box.
Definition 2.6.13. — An open (resp. closed) box in R” is defined to be the interior (resp. closure)
of a (unique) box in R".

Note that as Jordan sets, all non-empty (open/closed) boxes are non-degenerate in the following sense.
Definition 2.6.14. — We call a Jordan set non-degenerate if its volume is non-zero. We call a
Jordan partition non-degenerate if each of its member is a non-degenerate Jordan set. If P € P(R"),
a Jordan partition (B;)"; of P is called a box partition if each B; is a non-empty box.

Lemma 2.6.15. — Let E be a Banach space, n € NT, and f : R® — E a map. Then for any finite

non-empty collection (A;)™, of non-degenerate Jordan sets, if f is unbounded on U™, A;, then

(2.6.25) D w(f, Ai) = +oo.

i=1
Proof. — Since f is unbounded on U, A;, there is a sequence (xp)r>1 in U™, A; such that
limg 4 ool f(zk)|| = +o00. Since m is finite, there exists an index j € {1,...,m} and an infinite
subsequence (yx)r>1 of (zx)r>1 such that y, € A; for all k£ > 1. It is then clear that W(f, A;) = 400
since we also have limy_, 4 oo || f(yr)|| = +00. Consequently, by non-degenerateness of A;, we must have
w(f, A;) = 4oo0 for this j and (2.6.25) holds. O

As a final piece of our preparatory work, we shall also need a good theory of negligible sets to deal with
the points at which a Riemann integrable map is not continuous, just as in the familiar one-dimensional
case.

Proposition 2.6.16. — For any A CR"™ (n € NT). The following are equivalent.

(1) For any e > 0, there exists a countable cover (Bj),en+ of A by boxes, such that

(2.6.26) iy(Bj) <e.

—

[

(2) For any e > 0, there exists a countable cover (Bj);en+ of A by open boxes, such that

8

(2.6.27) v(Bj) <e.

(2.6.29) v(B;) <.

Proof. — Exercise. U

Definition 2.6.17. — A set A C R" is called (Lebesgue) negligible if it satisfies any of the equivalent
condition in Proposition 2.6.16. We denote by N (R™) the collection of all negligible sets in R™.
Proposition 2.6.18. — The collection N'(R™) is stable under taking subsets and countable unions.
Proof. — This is a routine exercise. O

Remark 2.6.19. — Note that all Jordan negligible sets are Lebesgue negligible. The converse, however,
is not true. As an easy example, consider Z"™ C R", which is unbounded, hence Z" is not a Jordan set,
and consequently not Jordan negligible. But being countable, Z" is negligible. Even for bounded sets,
there are negligible sets that are not Jordan negligible, e.g. Q™ N 3.
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We are finally ready to establish the following theorem that incorporating various perspectives of what
will later be called Riemann integrable maps, which is fundamental in the whole theory of Riemann
integration theory.

Theorem 2.6.20. — Let E be a Banach space, n € NT, and f : R® — E a compactly supported map.
The following are equivalent.

(1) For any non-degenerate A € J(R™) containing supp(f), and any € > 0, there exists a non-
degenerate Jordan partition A of A, such that w(f,A) <e.

(2) For any non-degenerate A € J(R™) containing supp(f), any § > 0 and any € > 0, there exists a
non-degenerate Jordan partition A = (A;)%, of A, such that v(Ag) < 6, A; is open fori=1,...,m,
and w(f,A) <e.

(3) For any non-empty paved set P C R™ containing supp(f), and any € > 0, there exists a box
partition A of P such that w(f,A) < e.

(4) For any non-empty paved set P C R™ with P O supp(f), and any € > 0, there exists a box partition
(B;)Y_, of P, such that

(2.6.30) > w(f,B;) <e.
i=1
(5) The map f is Jordan contented.
(6) The set D(f) of discontinuous points of f is negligible in R™ and f is bounded.

Proof. — The structure of our proof goes as follows.
1) = (2) = (6) = 6) = (¢4) = ) = (1)
(1) implies (2). Assume (1) holds, then Lemma 2.6.15 implies the boundedness of f, i.e. there exists
an M > 0 such that M > || f(x)]| for all x € R™. Take any € > 0 and any non-degenerate A € J(R™)
with A D supp(f). By (1), there exists a non-degenerate Jordan partition A" = (A})", of A, such that

(2.6.31) w(f, &) =D w(f A} <
i=1
For each i = 1,...,m, we know Int(A4}) € J(R") and v(Int(A})) = v(4;) > 0. We set A; := Int(A;) for

i=2,...,m, and choose a small non-empty box B € P(R") with B C Int(A}) and

€
5

€
.6. < min | —

(2.6.32) v(B) < min <4M’§> )
and set A; := Int(A}) \ B. Finally, set Ag := A\ U™, A;. Then v(4) > v(B) > 0 since B C Ay, A; is
non-empty open for i = 1,...,m, and A := (4;)7", is a non-degenerate partition of A. Moreover, since
v(A;) =v(A4]) foralli=2,...,m and
(2.6.33) v(Ay) = v(Int(A})) — v(B) = v(A}) — v(B),
we have

(2.6.34) m = m
= (D(A;)) — () —v(m) = > w(a)
= v(4}) — v(Ay)
= v(B) < min (4M’6>

It follows that

(2.6.35) w(f, Ao) = W(f, AoJv(Ao) < 2M — = =.
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Fori=1,...,m, we have A; C Al so

m

(2.6.36) W(f, A = S WEAN(A) < DWW ADV(A) = Y w(f, A = w(f, &) < =
i=1 i=1 i=1 =1
It follows from (2.6.35) and (2.6.36) that
(2.6.37) w(f, A) =w(f, Ag) + Y w(f, 4;) <e.
=1

This proves (1) implies (2).
(2) implies (6). The boundedness of f follows from Lemma 2.6.15.
For each k € N*, set

(2.6.38) Di(f) := {x eR"”

wal$)2 1}

Then D(f) = Ugen+Di(f). To show that D(f) is negligible, it suffices to show that for each fixed
k € N*, the set Dy(f) is negligible.

Now take any non-degenerate A € J(R™) with A 2 supp(f) (this is possible since supp(f) is compact,
hence bounded, so we may e.g. take A to be a large closed box). By (2), there exists a non-degenerate
Jordan partition (A;)j", of A, such that A; is open for all i = 1,...,m, v(A4p) < § and w(f, A) <
Define

(2.6.39) I={ie {1, m}| Du(p) 0 A £ 0},

Clearly, Iy is finite. Since f [re\supp(s)= 0, and R™ \ supp(f) is open (because supp(f) is compact, so
closed), we see that Dy (f) € D(f) C supp(f) € A = U™ ,A,;, which implies

£
2k*

(2.6.40) Di(f) € Ao U (Uier, Ar) .

Moreover, for any i € I, choose any x € A; N Di(f), note that A; is open neighborhood of z and
wz(f) = 1, we have W(f, A;) > t. Consequently,

(2.6.41) Vie D,  w(f,A) =W(f,A)w(4,) > V(;ji).
Hence
€ 1
.0. — > > > = .
(2.6.42) 2k_w(f,A) Zw(f,AZ)_k_ v(4;)
1€l i€},
This implies
e €
(2.6.43) v(Ao) + ; v(4;) < stg=e
1€l

By (2.6.40) and (2.6.43), since € > 0 is arbitrary, Dy (f) is indeed negligible(®) for each k € N*.

(6) implies (5). It suffices to find, for any fixed € > 0 and § > 0, an (e, §)-approximation of f by a
paved map g. For this purpose, we will choose a suitable open cover of the compact set supp(f), and
extract from this cover a finite sub-cover.

Since D(f) is negligible, there exists a countable cover (By)ren+ of D(f) by open boxes with total
volumes bounded by §. For any x € supp(f) \ D(f), since f is continuous at x, there exists a rational
box C, with z € Int(C,,), such that W(f,C,) < e. Clearly, we have the following cover of the compact
set supp(f) by open sets:

(2.6.44) supp(f) = D(f) U (supp(f) \ D(f)) S (Upen+Bn) U (Uzesupp(r\o(s) Mt(Cr)) -

(6)The proof actually shows the stronger result that each Dy (f) is Jordan negligible. However, D(f) = U2 | D (f) itself
may well be merely negligible but not Jordan negligible. See Remark 2.6.19.

77



Hence, there exists a finite sub-cover, i.e. there exists [ distinct nq,...,n; € NT, and m distinct
Z1y..., Tm € supp(f) \ D(f), such that

(2.6.45) supp(f) € (Ui By, ) U (U7 Int(Cy,)) € (UieyBa,) U (UM, Cy, )
Clearly, U7, Cy; € P(R"), so there exists a decomposition
(2.6.46) UL Co; = UG Dy,

where each Dy, is a non-degenerate box contained in some C,,. Take any y; € Dy, and set
m
9:=>_ f(e)xpy
j=1

which is clearly a paved map. We also set A := Ul_, B,,, € J(R"). By our choice of (B},),en+, we have
1

(2.6.47) v(A) <> v(By,) < iu(Bk) < 6.

The proof is complete if we could show
(2.6.48) Ve e R"\ A, If(x) —g(z)]] <e,

which we now establish. Take any z € R" \ A. If v € L}_ Dy, = U}":lCzj, then x € Dy, C C,, for some
k and j. Since we also have y, € Dy C C; for the same k and j and W(f,C,,) < ¢, it follows that
If(x) = f(yr)|| <e. But g(x) = f(yr) from our definition of g, we see that

(2.6.49) Va € UP_ Dy, [f(x) —g(z)|| <e.
On the other hand,
(2.6.50) Ve e (R"\ A)\ LY _,Di € R™ \ supp(f), f(z) =g(x) =0.

Now (2.6.48) follows from (2.6.49) and (2.6.50).

(5) implies (4). Since f is contented, f is bounded. We may then take M > 0 so that || f(x)| < M for
all x € R™. Let € > 0 be the constant in (4). Take any 9 > 0 and dy > 0, which will be to determined
later, we can then take an (g9, dp)-approximation of f by a paved map gy : R" — E.

Now take any non-empty P € P(R"™) with P D supp(f). By Proposition 2.6.7 and Lemma 2.6.5, we
know that g1 := xpgo remains paved and an (eg, dg)-approximation of f. Hence there exists Ay € J(R"™),
such that v(Ag) < dp, and

(2.6.51) Vo e R™\ A, Ilf(z) — g1(2)| < eo.
Since Ay € J(R™), we can choose A € P(R"™) with A D Ay and v(A) < 2§y. Finally, set

(2.6.52) g = Xrm\A91 = XP\AY0,
we see from (2.6.51) that
(2.6.53) Vo e R"\NACR"\ Ao, [If(2) — g(@)l| = [xem\a(2)(f(2) — g1(2))

< |Nf (@) — g1(@)]| < <o

We are now ready to find a suitable box partition of P as in (4). For this, set Py := PN A € P(R"™)
(recall that we have chosen A € P(R"™)) and P, := P\ Py = P\ A, sothat P=FPyU P, and g = xp, 1
from our construction. Since g is paved, we may write

(2.6.54) 9= cixc,
i=1
where ¢1,...,¢,, € E\ {0} and (C;)™, is a disjoint family of boxes. If z € C; for some i, then

0 # ¢ = g(z) = xp,(x)g1(x), so xp,(z) # 0 and z € P;. This implies that U ,C; C P;. Clearly
P\ U™, C; € P(R™), so there is a finite disjoint family of non-empty boxes (C;)!_,, ; with m < (the
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case | = m corresponds to the empty family), such that P, \ U, C; = UL_ 110, and Py is the disjoint
union U_,C;. By (2.6.53) and the fact that Py = P\ Py = P\ A CR"\ A, we see

Vi=1,...,m, Vx,y € C;, IIf(x) = f()ll

(2.6.55) <[lf(x) = g(@)Il + lg(=) — gl + [1f (¥) — 9 @)l
<eo + |lei — ¢il| + €0 = 2e0,
and
(2.6.56) Vi=m+1,...,1, Yo,y € Gy, |[f(x) = I < IIF @)+ 1 w)ll
=[lf(z) = g@)l + [/ (¥) — 9l < 2e0.
Hence
(2.6.57) Vi=1,...,1, W(f,C;) < 2ep.
Use Lemma 2.4.7, we may choose, for each i = 1,...,1, a box B; such that
(2.6.58) B, CC; and v(C; \ B;) = v(C;) —v(B;) = v(C;) —v(B;) < l—éfl'
Clearly (B; )Z 1 remains a finite disjoint family, and
(2.6.59) W_,B;cU_,C; =Py
Set Qo := Py U (UL_,(C; \ B;)) € P(R™). Then
(2.6.60) P = (U_,B;) UQo,
and noting that v(Fy) < v(A) < 2§y since PO =ANP C A, we have
(2.6.61) v(Qo) = v(Py) + Z ) < 280 + 1‘5— < 300.
i=1

Now we choose a box decomposition (Bi)f:lJrl of Qo with p > m (again p = [ corresponds to the case
where Qg = 0). By (2.6.60), we see that

(2.6.62) P=LF_ B,
i.e. (B;)!_, is a box decomposition of P. Moreover, for i = 1,...,1, by B; C C; and (2.6.57), we have
(2.6.63) Vi=1,...,1, w(f, B;) = W(f,B)v(B;) < W(f,Ci)v(B;) < 2eov(B;),
while by our choice of M > 0, W(f,R™) < 2M, so
(2.6.64) Vi=i+1,....p, w(f.B) =W B)v(B) < 2Mv(B;).
Hence
P l p L
dow > w(f,B)+ Y w(f Bi)
i=1 i=1 i=l+1
< 260 Z + 2M Z
(2.6.65) =i+

< 2¢ Z )+ 2Mv(Qo)

= 2€0V(P1) + 2Mv(Qo)
< QEoV(P) + GMKSO

Now it is clear that by choosing £¢ and §y suitably, e.g. let gy = 4ny) and §p =
and (4) holds.

) implies (3). This is trivial since w(f, B;) < w(f, B;) for any box B;.

(3) implies (1). By Lemma 2.6.15, we see that f is bounded. So there is a constant M > 0 such that
[If(x)]] < M for all x € R™. Take any non-degenerate A € J(R™). Since A is bounded, we may choose

o0 We get (2.6.30),
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an arbitrary P € P(R") with P O A D supp(f). Clearly P is nonempty since v(P) > v(A4) > 0. By
(3), there exists a box partition A’ = (B;)Y_; of P such that w(f,A) <e/2. Set A, := B,NAec JR").
Clearly A =UP_| A, so

P
(2.6.66) 0 <v(A) = v(4)).

i=1
Hence there is some non-degenerate A}. Relabeling if necessary, we may suppose A}, ..., A}, _; are non-

degenerate with 2 < m < p+1,and A7, 4, ..., A, are all Jordan negligible. Now since A} € J(R") is non-
degenerate, so is Int(A}). We may then choose a small non-empty box B so that B C B C Int(A4}) C A},
and V(A' \ B) > 0 and v(B) < ¢/(4M). Finally, set A; := A{\ B, A, = A, fori =2,...,m—1, and
A, = (UP_ AU B. Then clearly A := (A;)™, is a non—degenerate Jordan partition of A.

i=m ?

Moreover, it is clear that w(f, A}) < w(f, B;) for i =1,. — 1 since A} C B;. We then have
m—1 m—1
(2.6.67) w(/f, w(f, By) < w(f,A) < g
i=1 i=1
Since
P / .
(2.6.68) v(A,,) = v(B) + ;V(Ai) =v(B) < 5

we also have

€

2.6. An) = s Am 2M— =.
Taking the sum of (2.6.67)(2.6.69), we see that w(f, A) < ¢, so (1) holds. The proof of the whole theorem
is now complete. O

Definition 2.6.21. — Let E be a Banach space. A map f: R" — F is called Riemann integrable
if it is compactly supported and satisfies any of the equivalent conditions in Theorem 2.6.20.

Notation 2.6.22. — We use R(R™, E) to denote the space of all Riemann integrable maps from R™ to
the Banach space E. If E = R, we abbreviate R(R™,R) simply by R(R™).

Corollary 2.6.23. — Let E be a Banach space. The space R(R™, E) is a linear subspace of the vector
space of all maps from R™ to E.

Proof. — This is an easy consequence of (6) of Theorem 2.6.20. The details are left as an exercise. [

Corollary 2.6.24. — Let E, F, G be Banach spaces, and f: E X F — G a continuous bilinear map.
Then for any f € R(R™, E) and g € R(R™, F), we have 8(f,g9) € R(R",G), where 5(f,g) : R" - G
is the map sending x € R™ to B(f(x),g(x)) € G. In particular, if f € R(R™) and g € R(R™, F), then
fg € R(R™, G).

Proof. — Again, this is an easy consequence of (6) of Theorem 2.6.20, and left as an exercise. O

2.7. Riemann Integrals

We still fix a dimension n € Nt throughout this section unless otherwise stated.

We are now well-prepared to treat Riemann integrals. Let E be a Banach space and f € R(R", F).
Consider any A € J(R™) with A D supp(f) and any Jordan partition A of A. Recall the notion
of Riemann sums (Definition 2.6.9) and Notation 2.6.10. Remark 2.6.12 strongly indicates that the
Riemann sums of f with respect to A should be close to the Riemann integral of f, if the latter can be
defined, as long as w(f,A) is small enough. Now observe that f € R(R™, E') implies in particular that
w(f,A) can be made arbitrarily small. We thus adopt the approach of defining the Riemann integral
of f via taking a suitable limit of the corresponding Riemann sums. It is precisely this limiting process
that demands the completeness of E.

We now describe this limiting process, which is slightly involved. To facilitate our discussion and
motivated by the consideration in Remark 2.6.12, we give the following definition.
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Definition 2.7.1. — Let E be a Banach space and f € R(R", E). For A € J(R"), by a limiting
sequence of Jordan partitions of A with respect to f, we mean a sequence (Ag)g>1, where each Ay, is
a Jordan partition of A, such that

(2.7.1) kli_}rn w(f,Ag) =0.

Fix for the moment an f € R(R™, E) (F being an arbitrary Banach space). Now take any A € J(R™)
with A D supp(f). By Theorem 2.6.20, we may find a limiting sequence (Ay) of partitions of A with
respect to f. For each k, take s, € S(f, Ag). We wish to define the Riemann integral f f as the limit
of the sequence (s)r>1 in E. In order for this to be well-defined, we need to establish the following:

(1) the sequence (s) is Cauchy (so it has a limit in E);

(2) for any B € J(R™) with B D supp(f), any limiting sequence of Jordan partitions (&k) of B with
respect to f, and any s, € S(f, ﬁk) for each k, the two Cauchy sequence (S;) and (si) have the
same limit.

Lemma 2.7.2. — For any A € J(R™), suppose Ay and Ay are two Jordan partitions of A, then there

is a Jordan partition A of A that is a common refinement of Ay and As.
Proof. — Let Ay = (Ai)izl and Ay = (Bj);-nzl, just take A = (Az N Bj)lgifl,lgjfm- L]

Lemma 2.7.3. — Let E be a Banach space, g : R® — E a bounded map. If A1 and As are two
Jordan partitions of the same A € J(R™) such that As is finer than Ay, then for any o1 € S(g, A1) and
o2 € S(g,Az), we have

(2.7.2) oy — o2 < w(g, Av).

Proof. — Let Ay = (A;)f%), Ay = (Bj)i_,. It suffices to treat the case where all 4; and B; are
non-empty. Since A, is finer than A;, we have

(2.7.3) Vie{l,...,m}, 4= || B;.

K;CJi

By definition, we have a; € A; and b; € B; for all ¢ and j, such that

(2.7.4) o1 = Zg(ai)y(Ai) and o2 = g(bj)v(B;).

Using the decomposition (2.7.3), we conclude that

(2.7.5) o1—oa=»_ > [g(a:;) = g(b))]v(By),
i=1 K;CA,
hence
(2.7.6) lor —oall <> D llglas) — g Iv(By) <> Y Wig, Aw(B;) = w(g, Ar),
i=1 K;CA; i=1 K;CA;
where the last equality follows again from the decomposition (2.7.3). O
Remark 2.7.4. — Lemma 2.7.3 can be viewed as a variant of Proposition 2.6.11.

Corollary 2.7.5. — Let E be a Banach space, g : R™ — E a bounded map. If Ay and Ay are Jordan
partitions of the same A € J(R™), then for any o1 € S(g,A1) and oo € S(g,As), we have

(277) ||01 _02|| SW(Q,Al) +W(g,A2)

Proof. — By Lemma 2.7.2, we may take a Jordan partition A of A that refines both A; and A,. Now
take any o € S(g,A), then by Lemma 2.7.3, we have

(2.7.8) lon = oa <o — ol + [loz = ol] < wlg, A1) + w(g, Ag). =

Remark 2.7.6. — The estimation in Corollary 2.7.5 is not as fine as the estimation in Lemma 2.7.3,
but has the advantage of being applicable for any two Jordan partitions A; and As of the same Jordan
set, even when A; and As are not comparable.
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Now back to our plan of defining [ f via taking limit of Riemann sums.
Proposition 2.7.7. — Let E be a Banach space, f € R(R™, E). The following hold.

(1) There is A € J(R™) with A 2 supp(f).

(2) For each A € J(R™) with A D supp(f), there exists a limiting sequence (Ay) of Jordan partitions
of A with respect to f.

(3) For any A € J(R™) with A D supp(f), any limiting sequence (Ay) of Jordan partitions of A with
respect to f and s € S(f, Ay) for each k, the sequence (sy) in E is Cauchy.

(4) Let A A € J(R™) with AN AD supp(f). Suppose (Ay) (resp. ﬁk) is a limiting sequence of
Jordan partitions of A (resp. Z) with respect to f. For each k, choose any s, € S(f,Ay) (resp.
5w € S(f,AL)), the Cauchy sequences (si) and (51,) have the same limit.

Proof. — (1) follows from the compactness of supp(f) and (2) from Theorem 2.6.20.
(3). Take any € > 0. By Definition 2.7.1, there exists N € N, such that

(2.7.9) m>N = w(f,A) < g
Hence by Corollary 2.7.5, we have
(2.7.10) V=N, s — sill S 0(f Am) +w(f A) < <,

which implies that (sj) is indeed Cauchy.
(4). Define A’ :== AUA € J(R™). Then A’ D supp(f). For each k, define A}, = A, U{A’\ A} and

Ay = ApU {A’ \ A}, correspondingly, set sh, = si and sh;,_; = S;. Since AN AD supp(f), we have

FA\ A) = f(A'\ A) = {0}. Tt follows that w(f, A\ A) = w(f, A’\ A) = 0, so w(f,Al,) = w(f,Ay)
and w(f, AL, _) = w(f, Ek), which implies that (A7) is a limiting sequence of Jordan partitions of A’;
moreover, from our construction s € S(f,A}) for each k. Now being sub-sequences of the Cauchy
sequence (s},), the Cauchy sequence (s) and (53) have the same limit. O

Definition 2.7.8. — Let E be a Banach space, f € R(R", E'). The Riemann integral of f, denoted
by [ f, [gn for [z, f(z)dz, is the common limit in part (4) of Proposition 2.7.7.

Closely related to this notion is the Riemann integral over a Jordan set. For A € J(R"), we have
x4 € R(R™) since the set D(x4) of discontinuous points of x 4 is precisely A, which is Jordan negligible,
hence negligible (x4 is clearly bounded). Thus if f € R(R"™, E), then xaf € R(R™, E).

Definition 2.7.9. — Using the above notation, we define fA [ to be the integral [xaf, and call it
the Riemann integral of f over A.
Proposition 2.7.10 (Basic properties of Riemann integrals). — Let E be a Banach space. The
following hold.

(1) If A e J(R"™) is Jordan negligible, then we have fA f=0, for any f € R(R", E).

(2) We have [, f = [on | whenever f € R(R™,E), A€ J(R™) and A 2 supp(f).

(3) For any f € R(R™, E), any A € J(R™) with A D supp(f) and any Jordan partition A of A, we

have
(2.7.11) Vs e S(f,A), s—/fH <w(f,A).
(4) The map
/ :RR"E) = E
(2.7.12)
o [
is linear.

(5) For any f € R(R™, E), we have ||f]| € R(R™) where ||f] : R® — R is the norm map sending
x € R™ to ||f(x)], and

(2.7.13) H/ﬂs/ww
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(6) If A, B € J(R™) with AN B being Jordan negligible, then for any f € R(R™, E), we have

(2.7.14) /,4u3f:/,4f+/3f'

Proof. — (1). Replacing f by xaf and A by A if necessary, we may assume without loss of generality
that supp(f) C A. Since v(A) =0 and f € R(R™, E) (in particular, f is bounded), we have B € J(R™)
and v(B) = 0 for any B C A. In particular, S(f, A) = {0} for any Jordan partition A of A. Consequently,

Jf=o.

(2). Let (Ag) be a limiting sequence of Jordan partitions of A with respect to xaf. For each k,
set A = A, U {Z\A}, which is a Jordan partition of A. Since A\ A C 9A, the set A\ A is Jordan
negligible. Note that (xaf) [a= f |4, we have

(2.7.15) wixaf, Ar) = w(f, Ax) = w(f, A)

where the last equality follows from v/(A\ A) = 0. Hence (A}) is a limiting sequence of Jordan partitions
of A with respect to f. Choose a s € S(xaf,Ar) = S(f,Ar) for each k. For any fixed k, since

v(A\ A) =0, we also have s, € S(f,Ag), and

(2.7.16) 7= [xar=m s~ [ 1

(3). Since A\ A is Jordan negligible, we have
(2.7.17) s € S(f,A) CS(f,A), where  A=AU{A\ A}.

Let (Ag) be an arbitrary hmltlng sequence of Jordan partitions of A. For each k, take a Jordan partition
Ay, of A that refines both A and Ak, then by Proposition 2.6.11, we have

(2.7.18) w(f, Ax) < w(f, M)

SO (Ak) is still a limiting sequence of Jordan partitions of A with respect to f. Take any 33 € S(f, Ak)
we have, by Ay, is finer than A and Lemma 2.7.3, that

(2.7.19) Yk, s — skl <w(f,A) = w(f, A).

Since [ f = limg_ o0 Sk, (2.7.11) follows from (2.7.19) by taking limit along k — co.

(4). Take any f,g € R(R™ FE) and any «,5 € R. Fix an arbitrary ¢ > 0. Choose a box B with
B D supp(f) Usupp(g). Taking refinement if necessary, we may find a Jordan partition A = (B;)™, of
B with each B; # (), such that

(2.7.20) w(f,A) +w(g,A) <e.
Choose z; € B; for each i. Set

(27.21) sr= Y flegu(B) € S(7.A),
and -

(2.7.22) Sg 1= ig(mi)u(Bi) € S(g,A).

Then (2.7.20) implies that w(f, A) <e¢, so

(2.7.23)

-

~[o] =
Moreover, by definition, it is easy to see that
(2.7.25) Wiaf+pBg,C) <[alW(f,C)+|8W(g,C),

by (3). Similarly,

(2.7.24)
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SO

(2.7.26) wlaf + Bg,A) < lafw(f,A) + [Blw(g, A) < (Ja| + [B])e.

But

(2.7.27) asy + fBsg = Z(af + Bg)(zi)v(B;) € S(af + Bg,A).
=1

By Lemma 2.7.3 and (2.7.26), we have

asy + s~ [(af + m” < (jal + ])e.

It is easy to see from (2.7.28) as well as (2.7.23) and (2.7.24) that

ofr+6 [ /af+BgH<2lal+|ﬂ

Since € > 0 is arbitrary, we must have

(2.7.30) J@sssp=afr+s [0

and [ : R(R™, F) — E is indeed linear.

(5). Since the norm function ||-|| : E — R is continuous, it follows that D(]|f||) € D(f), so D(||f]|) is
negligible because D(f) is so. Clearly || f]| is bounded since f is. It now follows from Theorem 2.6.20 that
Il € R(R™). Now take any & > 0 and any Jordan partition A of some A € J(R") with A D supp(f),
such that w(f, A) < e. Without loss of generality, we may assume each member in A is non-empty.
Choose any s € S(f,A). For each a,b € R", we have

(2.7.28)

(2.7.29)

(2.7.31) max(|[f(a)[| — ([ @), [ £ = [ f(@)]) < [[f(a) = (O

It follows from (2.7.31) that

(2.7.32) vC C R"”, W(fll,C) <W(f,C).

Hence

(2.7.33) w(lI£1l,A) ZW 1711, Ai) Z w(f,A) <

Let s = .7, f(a;)v(A;) with each a; € A;. Then the number r := > 1" || f(a:)|[v(4:) € S(|| f], A).
Clearly,

(2.7.34) IIs|| < r.
On the other hand, by (3), we see that

(2.7.35)

s [ 1] swtra <
and (applied to the case £ = R)

(2.7.36)

r /Ilf‘ < (71 A) < w(£, A) <.

From the above inequalities, we have

‘/fH < sl +

which implies (2.7.13), since € > 0 is arbitrary.

(2.7.37)

S/ng+ggze+/||f|,

(6). This is a consequence of xaup = x4 + XB — XanB- More precisely, from (1) and (4), we have

/AUBf:/XAuBf:/(XAf-‘rXBf)—/XAme
:/Af+/Bf—/Aan=/Af+/Bf.
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The proof of the whole proposition is now complete. O

Sometimes it is convenient to be able to integrate maps that are only defined on a Jordan set. This
can be reduced to the case that we have treated.
Notation 2.7.11. — Let E be a Banach space, A € J(R™), and f : A — E be any map. We may
extend f to a map ffmm R™ to E, by setting f(R” \ A) = {0}. We also set

(2.7.39) R(A,E) := {f A E ‘ fe R(R",E)}.

Definition 2.7.12. — Using Notation 2.7.11, elements of E(A,E) are also called Riemann inte-
grable i.e. amap f: A — FE is Riemann integrable if and only if f € R(R", E). In this case, we call
Jan f the Riemann integral of f, and denote it by Jufs [y f(x)dz or simply [ f when A is clear from
context.

Lemma 2.7.13. — Use Notation 2.7.11, we have D(f) U A = D(f) U DA, where D(f) (resp. D(f))
is the set of discontinuous points of f in A (resp. R™).

Proof. — Since f | grm\a= 0, we have D(f) C A. On the other hand, f | me(4)= f lTmeca), so D(f) N

Int(A) = D(f) NInt(A). The lemma now follows since A = A \ Int(A). O

Proposition 2.7.14. — Using Notation 2.7.11, f is Riemann integrable if and only if f is bounded
and D(f) is negligible.

Proof. — Clearly f is bounded if and only if f is so. Now the result follows from Lemma 2.7.13 and
Theorem 2.6.20. O

Remark 2.7.15. — One may actually mimic Theorem 2.6.20 and establishes a corresponding version
of that theorem for maps defined on a fixed Jordan set A C R"™. Then one can proceed to define
Riemann sums and Riemann integrals as the above A = R™ case. We will not adopt this approach,
as Proposition 2.7.14 already suffices for the purpose of developing the Riemann integration theory for
maps defined on A.

Proposition 2.7.16. — Let E be a Banach space and A € J(R™). The following hold.

(1) (Linearity of the Riemann integral) The space ﬁ(A E) is a linear subspace of the vector space of
all maps from A to E, and for any f,g € R(A E) and o, p € R, we have

(2.7.40) Jat+sn=af 45/

(2) For any Riemann integrable map [ from A to E, we have

[1]< [in

(3) For any Riemann integrable map f from A to E, and for each B € J(R"™) with B C A, the map
f IB: B — FE is Riemann integrable. Moreover, using fB f to denote fB f 1B for any such B, we
have

(2.7.41)

(2.7.42)  VB1,Bs€ J(R"), ByUByC A andv(BiNBs)=0 = f=1{ r+1[ v
B>

B1UBs By
Proof. — The proof can be seen as a consequence of Proposition 2.7.10. Using Notation 2.7.11, for (1),
that R(A, E) forms a linear subspace follows from Lemma 2.7.13, and we have

[t 80~ [ of 5
— [ (@F+sm)
~af Frif 3

:“Af+5A9
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For (2), we have

(2.7.44) ’

AU A= LA fon

Finally, we prove (3). In this case, the Riemann integrability of f [z follows from its obvious bound-
edness and the fact that D(f [g) € D(f). In this case, it is easy to see that [, f = [, xBf = [z. XBS-
For (2.7.42), we have

/ [= XBiUxs, | = XBlf+/ XB,f — XBinBs f
B1 UB2 R’H, R" n R’n

T T T L

where the last equality follows since f31032 fz 0 by Proposition 2.7.10 and v(B; N By) = 0. O

(2.7.45)

It is often convenient to have a parallel theory with R™ replaced by an open set U in R™.
Notation 2.7.17. — For a Banach space E, the symbol R(U,E) denotes the subspace of R(U, E)
consisting of all Riemann integrable maps with support in U, i.e. (see Notation 2.7.11)

(2.7.46) R(U,E) := {f e R(U,E) | supp(f) C U}.

When E =R, we often simply write R(U) instead of R(U,R).
Proposition 2.7.18. — Using Notation 2.7.17, R(U, E) is a linear subspace of R(U, E).
Proof. — Tt is clear that for any f,g:R™ — E and any o, 8 € R, we have

(2.7.47) supp(arf + Bg) C supp(f) + supp(g).
Clearly, this implies that if supp(f),supp(g) C U, then so is supp(af + B¢g), which means R(U, E) is a
linear subspace of R(R"™, E). O

For an open U C R, the following result says that R(U, E) can be identified with the space of all maps
from U to E that are bounded, compactly supported with support in U, and whose set of discontinuous
points is negligible.

Proposition 2.7.19. — Using the above notation. The following hold.

(1) The space

(2.7.48) Ru(R", E) :={f € R(R", E) | supp(f) C U}
is a linear subspace of R(R™, E).
(2) The map
(2.7.49) (): R(U,E) —» Ry(R™, E)

fe=f

is bijective, where f: R™ — FE is the extension of f with f(x) =0 for all x € R*"\ U; and the

inverse of (+) is given by

() lv: Ru(R™, E) = R(U, E)

(2.7.50)

g—glu.
Proof. — By now, the proof should be a routine verification by carefully unwinding the definitions and
is left as an exercise. O
Remark 2.7.20. — From now on, we will often make the identification described in Proposition 2.7.19,

i.e. we will often identify f € R(U, FE) with f € Ry(R", E) and vice versa.
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2.8. Successive Integrals

Fix three dimensions n, k and [ in NT with n = k + [, so that we have the canonical identification of
R™ with R¥ x R!. The goal of this section is to study the possibility of representing a Riemann integral
over R™ as a successive integral along the decomposition R” = R¥ x R’

Note that for the special case £ = R, we have seen in the homework exercise that
Theorem 2.8.1 (Fubini’s Theorem for Real Valued Riemann Integrals)

For each f € R(R™), which we view as a function of variables (x1,...,x,), and o € S,. For each
ke {l,...,n}, let ), (resp. L,;) denote the operation of taking integrals of the variable x), over R. Then

(281) f= (ja(l)o"'ojo(n))(f)

R

where each Ji. is either Ty or L. In particular,

=
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(2.8.2)

f(z,y)dz
Rl

( f(z,y)dx
Rk \Z_R!

where 7 and [ are respectively the upper and lower Riemann integrals via Darbouz upper/lower sums as

sl
=
\ ‘
(oW
<

[l
[~ [~~~ %\\ —

dy,

=z
N—— ——— " ~—

introduced in the homework exercise. O

Suppose E is a general Banach space, for any f € R(R™, E), integrating out the first (resp. second)
variable with respect to the decomposition R” = R*¥ x R!, we obtain a map from R! (resp. R¥) to F,
denoted respectively by

f(z,)dz : Rl - E
Rk

(2.8.3)
y H/ f(z,y)dz,
Rk
and
fy)dy R = E
(2.8.4) R
v | fz,y)dy.
RI
Definition 2.8.2. — Using the above notation, we say f is successively contented with respect

to the decomposition R” = R¥ x R, if it is in R(R", E) and the following conditions hold:

(1) f(-,y):R¥ - Eis in R(R* E) for all y € RY;

(2) f(z,) : Rl = Eis in R(RY, E) for all x € R¥;

(3) the map (2.8.3) is in R(R!, E);

(4) the map (2.8.4) is in R(R*, E).
Remark 2.8.3. — We remark that not all Riemann integrable maps are successively contented. As a
counter-example, we treat the case F = R (counter-examples for general E can then be easily obtained
since E contains a copy of R, unless F = 0 in which case everything is trivial). Consider the case of
A=0nQF CR*, B={0} CR' and C = A x B CR"™. It is easy to see that C is Jordan negligible in
R™, so xc € R(R"). However, xc(-,0) = xa ¢ R(RF).

Our next goal is to establish Theorem 2.9.7, for which we need some preparation.
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Lemma 2.8.4. — The space of all successively contented with respect to the decomposition R™ = R*¥ xR!
form a linear subspace of R(R™, E).

Proof. — This follows from the fact that inside the vector space R(R"™, E), each of the conditions in
Definition 2.8.2 is stable under taking linear combinations. O

Lemma 2.8.5. — Every paved map g : R™ — E is successively contented with respect to R™ = RF x RE.
Proof. — By Lemma 2.8.4, it suffices to show the special case g = cxp where B is a box in R". Clearly,
B = By x By where By (resp. Bs) is a box in R¥ (resp. R!). Then for each z € R* (resp. y € R!), we
have

(2.8.5) g(z,-) = cxB, (¥)xB, € R(]Rl7 E) and 9(-,y) = exs, (Y)xB, € R(Rk, E).
This implies that

(286) [ gt.pdy=en(Boxe, €REE)  and [ gla)dy = an(Bis, € R E).
R R

Hence g is indeed successively contented with respect to R® = RF x R!. O
Lemma 2.8.6. — Let E be a Banach space, f € R(R", E), then for each € > 0, there exists a paved
map g : R" = E, such that ||g||.. < ||fllo and

(287 [ =gl <

Proof. — Take any non-empty P € P(R") with P O supp(f). By Theorem 2.8.7, there exists a box
partition A = (B;)"™, of P with

(2.8.8) w(f,A) <e.
Choose b; € B; for each 7, and set
(2.8.9) g:=>_ fbi)xz.-
i=1
Then g is clearly paved with ||g||., < || f|.,- Moreover,
(2.8.10) Vie{l,....m}, Ve e Bi,  |f(z) —g(@)| = [If(z) = f(0)| < W(], Bi).

Hence noting that xpf = f and xpg = g, we have

/Rn||f—9||=/P||f—g||ZiXT_n;/Billf—gH

2.8.11 s
( ) < Z/ W(f,Bi) = > W(f, Biv(B:)
i=17Bi i=1
=w(f,A) <e¢,
just as desired. O

Theorem 2.8.7 (Fubini’s Theorem for Banach Space Valued Riemann Integrals)
Let E be a Banach space and f € R(R", E) is successively contented with respect to the decomposition
R" = R*F x R, then

(2.8.12) /nf - /R ( [ f(x,y)dy) dz = /R ( X f(x,y)da:) dy.

Proof. — Note that f is bounded, we set M := ||f|,, < oo. Take any ¢ > 0, then by Lemma 2.8.6,
there exists a paved g : R™ — E such that ||g||., < ||f]l., = M, and

(2.813) IR EE

88



By Lemma 2.8.5, every integral in the following estimation makes sense:

‘ / ( / f<w7y>dy) de - / k ( / g(x)y)dy> N
- ‘ ~/]Rk (/Rl (f _9)($,y)dy> dz

(2.8.14) < /Rk /Rl(f - g)(%y)dy’

< [ (L1r = alwmay) as

”f - g” < &
]R'n.

where the last equality follows from Theorem 2.8.1. Similarly,

| (foteamz) o= [ ([ temae) o]
(2:8.15) < [ ([ 1= ol mar) ay

If =gl <e
R™

When g is of the form cyp, the calculation in the proof of Lemma 2.8.5, especially (2.8.6), imply that

2810 [ o= [ ([ o) ar= [ ([ smr) .

From finite additivity of Riemann integrals, we see that (2.8.16) also holds for general paved map g. It
follows from (2.8.13), (2.8.14), and (2.8.16) that

7= [ (L swan) o
(2.8.17) ’/ / H ‘ Rk(Rl f(x,y)dy) dx—/Rk (/ng(x,y)dy) dz

32/ If — gll < 2.
Rn

Similarly, by (2.8.13), (2.8.15) and (2.8.14), we have

/n /Rl(kaxydx>dyH<25

Since € > 0 is arbitrary, (2.8.12) follows from (2.8.17) and (2.8.18). O

dx

(2.8.18)

In practice, most examples of Riemann integrable maps that one usually encounters are successively
contented. We have seen that this is the case for paved maps in Lemma 2.8.5. The following result says
that this is also true for continuous maps with compact support.

Proposition 2.8.8. — Let E be a Banach space. If f: R™ — E is a compactly supported continuous
map and k,l € NT with n = k + 1, then the following hold:

(1) the map [gu f(x,-)dz : R! — E is continuous and compactly supported for all x € RF;

(2) the map [g f(-,y)dy : R* — E is continuous and compactly supported for all y € R';

(3) the map f is successively contented with respect to the decomposition R™ = R x R!.
Proof. — Let m; : R® — RF and m : R® — R! be the corresponding projections corresponding to
the decomposition R* = R*¥ — R!. Since supp(f) is compact, so is the continuous images K; :=
71 (supp(f)) € R¥ and K, := ma(supp(f)) € RL. Clearly, f(z,-) and f(-,y) are continuous for all x € R¥
and y € R! with support contained respectively in K, and K. Hence these maps are Riemann integrable.
By Definition 2.8.2, (3) now follows from (1) and (2). Since f is compactly supported, it follows that f
is uniformly continuous (why?). Hence for any ¢ > 0, there exists a § > 0 such that for all zq1, 2z, € R,
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|lz1 — 22|| < & implies || f(21) — f(22)| < e. Now choose any B; € J(R¥) (resp. By € J(R!)) such that
B; D K (resp. By 2 K3), we have

o € R* and - 5 dy — d
(9317 2 € R" and [|z; — 22| < ) == H/}Rl f(z1,y)dy /Rl fx2,y) yH
(2819) < [ 171 = fazlay

- /B 1 (@1) — flazp)lldy < ev(Ba).

This implies that fRz f(-,y)dy is continuous. On the other hand,

(2.8.20) vz € RF\ K7, / f(z,y)dy =0
Rk

since f(z,y) = 0 for all y € R™ for this x € R¥ \ K;. Hence (2) follows (2.8.19) and (2.8.20). Similarly,
(1) holds and the proof is complete. O

2.9. The Change of Variables Formula

As usual, we fix a dimension n € N*.

Recall the notion of C*-diffeomorphism between two open sets of R (Definition 1.12.3). We regard
such a C'-diffeomorphism as a change of variable. Our goal in this section is to study how Riemann
integrals behave under such change of variables.

Notation 2.9.1. — In order to avoid overloading the same differentiation symbol “d”, in this section,
we write ¢’ instead of do for the derivative of ¢ provided of course that ¢ is differentiable. For technical
reasons which will be clear soon, we will prefer to work with the norm ||-||, on R™, and use By (a,) to

denote the open ball with center a € R™ and radius r in RY, = (R™, ||| ). The corresponding closed
ball is of course its closure
(2.9.1) By (a,r) ={z €R" | |z —al, <7}

To begin, let us establish a result concerning negligible sets that will be useful to treat the set of
discontinuous points when studying change of variables of Riemann integrable maps.
Lemma 2.9.2. — Let U C R"™ be open and ¢ : U — R™ a Ct-map. If A C U is negligible, then o(A)
is also negligible.
Proof. — 1t is clear that the countable set

(2.9.2) B :={Bso(a,r7) | a€Q", r€Qso}

is a topological basis for R™. Hence there exists a sequence (By,)m,>1 in B such that U = Uy, >1 B,,,. For
any a € Q™ and r € Qx, it follows from

(2.9.3) Byo(a,r) = U By (a,s) = U B (a,s)
s€QN]o,r[ s€QN]o,r[
that we may suppose each B, satisfies B, C U and we also have U = U,;,>1B,,. Clearly,
(2.9.4) p(A)= ] o(ANBy).
m>1

Since negligible sets are stable under taking countable unions, to finish the proof, it suffices to show that
©(AN B,,) is negligible for each m € N*T.

Let ¢,, and 7, be the center and radius of B,, C U. Since ¢’ is continuous on U and the norm map
I-ll 2Ry * £(RE,) — R is always continuous, on the compact set B, C U, we may set
(2.9.5) My, = max [l (2)]] g € 0, +00].

TEBm

90



By Corollary 1.4.3, we have
(2.9.6) Y2,y € B,  lo(@) — o)l < M|z —yl.

Clearly, B,, is the closure of a umquc rational box (7 Bm in R" and B,), \ EZ is negligible. Thus to show
AN B,,, it suffices to show that AN B,, is negligible, which we now do.

Take any € > 0. Since A is negligible, so is AN By,. There are countably many boxes (C);>1 in R”,
such that AN EV C Up>1C) and Zl>1 v(C;) < e. Enlarging each C; slightly, we may suppose each C is
rational. By replacing each Cj with the grid boxes in the grid box decomposition of the rational paved
set B N C; (for some level N; ,,,) if necessary, we may suppose for each [, we have C; C B C B,, and
C} is a closed ball in RZ of radius r; and center ¢;, with C; C B,,. By (2.9.6), we see that

(2.9.7) Ve el o(z) —wla)le £ Mz —all, < Mn
so ©(Cy) € p(C)) C Boo(p(c1), Mry). Clearly,
(2.9.8) @(ANB,,) C | J o) € | Beolo(ar), Mry)
1>1 1>1
and
(2.9.9) v (Boclo(c), Mr)) = M™(2n)" = M"v(Cy).
Hence
(2.9.10) v (BOO(@@Z), Mn)) < M3 u(Cr) < M.
1>1 1>1

By (2.9.8) and (2.9.10), and note that € > 0 is arbitrary, we conclude that @(AQE\;) is indeed negligible,
and the proof is complete. O

Corollary 2.9.3. — Let U C R"™ be open and ¢ : U — R"™ a C'-map. If B € J(R") with B C U, then
o(B) € J(R"). B

Proof. — Now take any such B, so 0B = B\ Int(B) = B \ Int(B) C U is compact and Jordan
negligible, hence negligible. By Lemma 2.9.2, ¢(0B) = d¢(B) is negligible and compact (since ¢ is a
homeomorphism). Any compact negligible set is Jordan negligible, hence dp(B) is negligible. Being
compact, ¢(B) is bounded. Hence ¢(B) € J(R"™), as desired. O

When dealing with change of variable, the following topological result is useful for finding a lot suitable
small (closed) boxes that will be useful for approximating the Riemann integrals using Riemann sums.
Lemma 2.9.4. — Let U be an open set in R™, and K a compact subset of U. There exists a § > 0,
such that for any closed ball B = Bo(a,r) with a € R™ and r € ]0,6] in R™.

(2.9.11) BNK#0 = BCU.

Proof. — Foreachz € K C U, choose an r, > 0 such that B (z,2r,) C U. Clearly, { Boo(2,7;) | x € K}
is an open cover of the compact set K, and there are finitely points x1,...,2; in K, such that

we have

l
(2.9.12) K C | Booli, rs,)-

i=1
Set ¢ := miny<;<;ry, > 0. For any B = By (a,r) with a € R™ and r € ]0,6], if BN K # 0, we may take
be BN K, then b € Byo(xj,7,,) for some j € {1,...,1}, and

(2.9.13) Vr € B, |z — ;] < llz =0l + 16— 4] <Tr ATy, SO0+ Ty <27y,
which implies
(2.9.14) B C Boo(wj,2r4,) C U. O

(MWe actually have E\; = [c1,m —Tm,C1,m +Tm[X - X [cn,m —Tm, Cn,m +Tm |, where (ck,m)1<k<n € R™ is the coordinate
of cm.
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We also need a good estimation of the volume of image of many small boxes under a change of variable.
Our main idea for this purpose is to use affine maps to approximate a differentiable map locally. Since
we are dealing with C'-diffeomorphism as our change of variable, to be more precise, we want to, at
least locally, use invertible affine map that looks like our change variable, such that the inverse of this
affine map looks like the inverse of the change of variable.

Using the above idea, our intuition tells us that the C'-diffeomorphisms a and 8 in Lemma 2.9.5
below should be close to a translation, and this lemma provides an estimation of the deviation.
Lemma 2.9.5. — Let ¢ : U — V be a Cl-diffeomorphism between open sets in R™ with inverse
¥V — U. Suppose a € U. Set A := ¢'(a), b= p(a) € V and B = ¢'(b) = ¢'(a)"t. Consider the
Cl-diffeomorphism o :== A=Y = By from U onto B(V) and its inverse 3 := A = yB~! from B(V)
onto U. Then the following hold:

(1) IfxeU and {a+t(x —a) |t €[0,1]} C U, then

(2.9.15) [e(z) — ala) = (z —a)ll < t:}lﬁ[HB(w’(a +t(@—a) = A)| g - llo = all -
(2) Ify € B(V) and {A‘1b+t(y — A7) [t €[0,1]} C B(V), then
(2:0.16) [|5(y) = BATI) = (y = A7), < sup [|(4 (0 + 2y = 0)) = B) Ay - [l — 470
(3) Suppose e €10,1[, r > 0, such that
(2.9.17) By (a,r) CU,
and
(2.9.18) Boo (A7, (1 —€)r) € B(V).
If
(2.9.19) Va € Boo(a,r), 1B(¢'(z) = A)llgmn ) < €
and
(2.9.20) Vy € Boo(ATM0, (L—2)r), (¥ (Ay) = B)All mn ) < €
then
(2.9.21) A (Boo (A7',(1 —€)r)) € ¢ (Boo(a,1)) € A (B (A0, (1 +€)r)).

Proof. — (1). This follows from Corollary 1.4.3 applied to ao( ) = a(xz) — x and note that
ap(z) = A7/ (z) —Td = A7 (¢ (2) — A) = B(¢(x) — A).
(2). Similarly, this follows from Corollary 1.4.3 applied to ﬁo( ) = B(y) — y and note that
(2.9.22) Boy) = ¢'(Ay)B~" —1d = (¢/(Ay) — B)B™" = (¢'(Ay) — B)A
(3). By (1) and (2.9.19), we have
Ve € Boo(a,7),  [la(z) — a(a)]|
(2.9.23) <Jlz — all + la(z) - a(a) - (& — )|
<(I+e)fz -l
This implies
(2.9.24) @ (Boo(a,7)) < Beo (afa), (1 +€)r),
which, considering a = A=l and a(a) = A~1p(a) = A~'b, implies
(2.9.25) ¢ (Boo(a,7)) C A (B (A7, (1 +2)r)) .
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On the other hand, by (2) and (2.9.20), we have

Yy € Boo(Aflb,(l—s)r), ||B(y) —ﬁ(Ailb)H
<[|B(y) = BAT'D) = (y— A7) + |ly — A7
<(e+1)[jy— A"
<A+e)l—e)r=>1—-r<r

Note that 8 = 1A, so S(A71b) = 9(b) = a, this implies that

(2.9.26)

(2.9.27) B (Bso(A7'b, (1 —¢)r)) € Beo(a,r).

Apply Aa = ¢ on both sides of (2.9.27) and note that o = 371, we obtain

(2.9.28) A (Bso(A7'b, (1 —€)r)) C ¢ (Bx(a,r)).

Now (2.9.21) follows from (2.9.28) and (2.9.25). O

Combined with Proposition 2.5.1, the last statement of Lemma 2.9.5 provides a good way to estimate

the volume of ¢ (B (a,r)). The following result uses this idea to simultaneously estimate v(¢(B)) for
a large number of boxes B.
Lemma 2.9.6. — Let ¢ : U =V be a C'-diffeomorphism between open sets in R, and K a compact
subset of U. For each ¢ € ]0,1[, there exists a n > 0, such that for any cubic box B in R™, i.e.
B = Bo(a,r) for some a € R™ and r € ]0,n] (or equivalently, Int(B) = Bu(a,r)), if BN K # () then
p(B) € J(R™), and

(2.9.29) (1 —e)|det ¢’ (a)|v(B) < v(p(B)) < (1 +¢)|det ¢’ (a)|v(B).

Proof. — To facilitate discussion, we still use ) : V' — U to denote the inverse of ¢ in this proof.
By Lemma 2.9.4, there exists dy > 0, such that

(2.9.30) K5, ={z € R" | do(2,K) < by} C U,

where do, is the metric on R™ induced by the norm |-|| . Clearly, K5, is compact. Since ¢ is a
homeomorphism, set L := ¢(K) C V, then L is compact, and there exists, by the same Lemma 2.9.4, a
dy > 0, such that

(2.9.31) Ls, :=={y €R" | do(y, L) < 0y} C V,

and Ls,, is compact. By compactness of Ky, and Ls, as well as the continuity of ¢’ and (¢~!)’, we may
set

R /
(2.9.32) My = mgl;;;lw (@) (R ) € 10,00,

Now suppose €9 > 0, which is to be determined later. Since K5, and Ls, are compact, the restrictions
%) [K(;U, @ [K(SU, )’ [L5V and (¢’ o @) [KJU are all uniformly continuous. We may therefore choose an
n € 10, 8y, such that

(2.9.33) Myn < —,
that,
1 (1) — (p/(x2)||L(RgQ) “ My < €0

(2934) Vxl,xQ e K5U7 ||I1 — 1‘2”00 < n = 5V
loz1) = elz2)llo < -,

and that

(2935) vzl,Zg € L5V7 ||21 — ZQ”OO S Mtp’n - le(zl) - w/(22)||£(R&) . MLPI S €0,
where

2.9.36 M, = ' .y €10, +00],

(2.9.36) o= max]l¢’ (@)l ey ) €10, 0]
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and
2.9.37 My = max ||¢'(z wy €10, +o0].
( ) ¥ ZEW(KL;)H?/J( Newn ) €1 [

Suppose B is a cubic box as in the statement of the lemma, and let By = Boo(a, ) be the interior of B.
Since ) # BN K C BN K and r < 1 < dy, it follows from (2.9.30) that
(2.9.38) By = Int(B) = Boo(a,r) € B = Boo(a,r) C K, C U.
Now set S = ¢/(a) € LR™) = Aut(R"), b = ¢(a) and T = ¢/(b) = S~1. Choose 7o € BN K and set
Yo = ¢(w0) € p(B) N p(K) = ¢(B) N L.

Since ||zg — al|, <7 < n, we have, by (2.9.34) and (2.9.38),

)
(2.9.39) o = blloe = ll(z0) — @(a)|| < 7‘/
We claim that
(2.9.40) Vz € S (Bso(S7'b, (1 —20)r)) , Iz = yoll oo < Ov.

Indeed, take any such z, set y := S~z € B (S™1b, (1 — g0)r), we have

12 = yoll = 115y — woll
<15y = blloe + llwo = bl

o
<[St-570). + %

1)
(2.9.41) < H‘Pl(a)Hﬁ(Rgo) ‘ ||y - Silb” + 7‘/

1
S MU(I — 60)7" + 7‘/

) )
< Myr+ = < Myn + = < by,
where the last inequality follows from (2.9.33).
Combining (2.9.40) with (2.9.31) and recall T = ¢/(b) = S~1, we see that that
(2.9.42) B (8710, (1 —go)r) CT(V).

Since BN K # (), we must have a € Ks, and consequently b = p(a) € ©(Ks, ), so 151l zn y =
||Lp’(a)||£(]Rgo) < M, and HT”E(RQO) = ||w’(b)||£(R&) < My . It now follows from (2.9.34) again that

Va € Boo(a,r) C U, HT((QDI(:E)) — S)HE(R&)
(2.9.43) STl pge) - 1€/ (@) = €' (@) g
< My ll¢'(z) = ' ()l (g ) < €0

Similarly, take any y € Boo(S™1b, (1 —&g)r) € T(V), then we have Sy € Ls,, by (2.9.40). In particular,
b= S(S7b) € Ls, . Moreover,

15y = blloo = 1S = 570)]|.
(2.9.44) <1Slee) - lly =570l
< MLP’ . (1 — E())’f" < Mcp’nv
hence by (2.9.35),

Vy € Boo(S7'b, (1 — 20)r) S T(V), (' (Sy) = T)S | o g
(2.9.45) <[ (59) = ¥/ O) | e - 151l e
< |[(v'(Sy) - w’(b))HE(R&) My < go.
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By (2.9.38), (2.9.42), (2.9.43) and (2.9.45), we may apply Lemma 2.9.5 to the open cube By =
By (a,r), and obtain

(2.9.46) S (B (S7'b, (1 —€0)r)) € ¢(Bo) € S (Boo(S™1, (1 +9)1)).

Clearly B (S7!b,7) is a translation of By, so these two open cubes have the same volume. It follows
from Proposition 2.5.1 and (2.9.46) that

(2947) (1 - E())nl/(Bo) < I/(CP(B())) < (]. + Eo)nl/(BQ).

Since B \ By C 0By is Jordan negligible, we have v(B) = v(By). Now that (B \ By) C ¢(9Bo)
and ¢(0Bg) is both compact and negligible (Lemma 2.9.2), we see immediately from the open box
cover definition of negligible sets that ¢(0By) = d¢(By) must be Jordan negligible. Hence the subset
©(B) \ ¢(By) = ¢(B\ By) C ¢(By) is also Jordan negligible and we also have v(¢(B)) = v(¢(By)).
Combining with v(B) = v(By) above and (2.9.47), we have

(2.9.48) (1 —e)"v(B) <v(p(B)) < (1+¢0)"v(B).
This finishes the proof by taking g so small that
(2.9.49) l—e<(l—eg)"<(l4e)" <l+e. O

We are now well prepared for the following key result.
Theorem 2.9.7 (Change of Variable Formula for Riemann Integrals)
Let U,V be open sets in R, E a Banach space and ¢ : U =V a C*-diffeomorphism. Then we have

(2.9.50) fFER(V,E) — fopeR(UE) < (foyp)ldety| € R(U,E)

and in this case,

(2.9.51) / /focp )|det ¢’ (z)|dz.

Proof. — We first establish (2.9.50). Since ¢ : U — V is in particular a homeomorphism, we have
©(D(f)) = D(f o). By Lemma 2.9.2 and note that ¢ : U — V is a C''-diffeomorphism, we see that
D(f) is negligible if and only if D(f o ¢) = D((f o ¢)|det¢’]) is so. On the other hand, using the fact
that |det ¢'| : U — R never vanishes and continuous, we see that

(2:9.52) supp((f 0 )|} = supp(f o ) = p(supp(f),

where the last equality follows since ¢ : U — V is a homeomorphism. Hence the three maps in (2.9.50)
are simultaneously compactly supported or simultaneously not compactly supported. To finish the proof
of (2.9.50), it remains to establish the equivalence of the boundedness of the three maps in (2.9.50)
under the assumption that all three maps are compactly supported (see Notation 2.7.17). But it is clear
that f and f o ¢ have the same range, so they are either both bounded or both unbounded. Note that
|det ¢'| has its range in some compact interval in |0, 400 on the compact set supp(f o ¢), we see that
the boundedness of f o ¢ and (f o p)|det ¢’| are equivalent. This finishes the proof of (2.9.50).

Now assume f € R(V, E). It remains to establish (2.9.51). Set g := (f o p)|det ¢'| € R(U, E). Since
supp(g) is a compact set in U, use the grid decomposition (2.4.13) for a large enough level Ny € NT, by
Lemma 2.9.4, we may find a rational paved set Py € P(R™) (of level Ny, but this is not important since
we might raise the level later), such that

(2.9.53) supp(g) € Po € Py C U.

Fix an arbitrary € > 0. By Theorem 2.6.20, we may find a box partition Ag = (B(0 )i, of Py, such
that w(g, Ag) < . By replacing each Bl(O) with a rational box Bi(l) inside BEO) whose volume is close to
Bi(o), and set

mo

(2.9.54) BV = | (B§°> \B§1)) =R\ (uZ’;°1B§1)) :

=1
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) being a rational paved set for each ¢ =
0,...,mq (for the rationality of Bél), use (2.9.54) and the rationality of Py). Since w(g, Bl-(l)) < w(g, BZ-(O))
for 4+ > 1 and g is bounded, A; = (Bi(l)):ioo is a Jordan partition of Py by rational paved set, and, by
making V(B(gl)) small enough as described above, we have

we may make Z/(Bél)) as small as we wish, while keeping Bfl

mo
(2.9.55) wig, &) < 2Mv (BV) + 3 wlg, BY) < 2Mv (B) +w(g, Ag) <,
=1
where
(2.9.56) M := supl|g(x)|| < +o0.
zeU

Using the partition A, we may find (see Lemma 2.4.10) an Ny € N* and a finer box partition Ay =
(31(2));121 of Py, where each box in Ay is a grid box of level Ny. Now let n > 0 be as in Lemma 2.9.6
applied in the case K := P,, we may, by Lemma 2.4.10 again, raise the level Ny to a large integer
multiple of Ny if necessary, and find a box partition A = (B;), of P, that is finer than Ag, where each
B; is a grid box of level N for some large N € NT with 1/(2N) < n and (use the uniform continuity of
|det /|~ on the compact set Py C U)

- 1 _ _
(2.9.57) VsteP, ls—tly < = [KEIT 1O <e
Let ¢; be the center of B; for each 4, and we have B; = By (c;, 1/(2N)). Now Lemma 2.9.6 says that
(2.9.58) Vie{l,...,m}, (1 —e)|det ' (c;)|v(B;) < v(p(Bi)) < (14 ¢)|det ¢’ (c;)|v(B;).

Set Ay = (@(Bl))zl Then by Corollary 2.9.3, we see that Ay is a Jordan partition of the relatively
compact Jordan set Qo := ¢(Py) C V that contains supp(f). Now let

(2.9.59) spi= Y fle(c)v(e(Bi)) € S(f,Ay).
i=1
and
(2.9.60) Sg 1= ZQ(Ci)V(Bi) € S(g,A).
i=1
To relate the Riemann sums sy and s, to [, f and [;; g, on the one hand, we have
(2.9.61) w(g, A) < w(g,A2) <w(g, A1) <e.
So
(2.9.62) Sg 7/ gH <w(g,A) <e.
U

On the other hand, we have
Vie{l,...,m}, Va,b € B; C Py C P,
(2.9.63) Fela) = flp(b) = gla)ldet ¢ (a)| " — g(b)|det ' (B)| "
= (9(a) = 9(v)) det &' (@) " + g(v) (Idet ' (a)] ™" = |det /()] ")

Note that |det ¢’ |_1 is continuous on the compact set Py C U, we have

(2.9.64) Ly = sup |det ¢/ (z)| " = max|det ¢/ (z)| " < +oc.
z€EP, z€P
Similarly,
(2.9.65) Lo := sup |det ' (x)| = max|det ¢’ (z)] < +oc.
Ieﬁo ze Py
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Recall (2.9.56), note that any two points in B; has distance (with respect to ||| ) less than 1/N so
(2.9.57) is applicable, (2.9.63) implies that

(2.9.66) W (f,o(B;)) < Ly -W(g, B;) + Me.
Hence by (2.9.58) and note that |det ¢'(¢;)| < Lo by the definition of Lo, we have
w(f;¢(Bi)) < LiW(g, Bi)v(p(Bi)) + Mev(o(Bi))
(2.9.67) < LW (g, B)(L + o)ldet /() |v(By) + Mev(o(By)
< L1Ly(1 + €)w(B;) + Mev(p(B;)).

Summing (2.9.67) over ¢, we obtain

(2.9.68) w(f,Af) < LiLo(1 +€)w(g, A) + eMv(Qo) < L1La(1 + €)e + eMv(Qo).
So
(2.9.69) sp— /V fH <w(f,Ap) < LiLy(1 + &) + eMv(Qo).
Setting
(2.9.70) My = supllF(z)] < +ox,

we also have, by (2.9.58), that

EICELIE |¢/<ci>|u<Bi>)H

lsg = s4ll =
(2.9.71) Z p(ci))ll - ele’(ci)lv(Bi)
<eM;Ly Z = M;Lov(Py)e.
i=1
Since € > 0 is arbitrary, by (2.9.62), (2.9.69) and (2.9.71), we must have [, g = [, f, as desired. The
proof is now complete. O

2.10. Polar, Cylindrical and Spherical Coordinates
2.11. Improper Riemann Integrals, the Gaussian Integral and the Volumes of Balls

2.12. A Rapid Peek into the Lebesgue Theory: Bourbaki’s Integral First Approach
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