Mathematical Analysis III, 2026 autumn semester
HIT, class of excellence

TDO5

Exercise numbers agree with Chapter 2 of the lecture notes. References to definitions, propositions,
remarks, and theorems refer to the lecture notes.

2.2 Change of variables

2.2.1. Prove Lemma 2.3.
2.2.2. Prove Proposition 2.5.

2.2.3. Prove Proposition 2.18 and show that the functional IU there is not strictly positive.
Hint: consider the characteristic function of a single point.

2.2.4. Prove Theorem 2.19.

2.2.5. (Basics on Jordan sets, Jordan contents and more on Riemann integration) A subset
A C R”" is called Jordan measurable, or contented, or simply a Jordan set, if its characteristic
function &4 : R”™ — R is Riemann integrable in the sense of Definition 1.5. The collection of all Jordan
sets in R” is denoted by J (R"). Given an A € J (R"), the number v(A) = IR" &4 is called the Jordan
content of A, and is often interpreted as the (n-dimensional) volume of A. A Jordan set with Jordan
content zero is called Jordan negligible.

(1) Show that for any A, B € J(R"), we have AUB,ANB,A\ B e J(R").
Hint: consider &4 A &g, and linear combinations é4 + &g — €4 A Ep and &4 — €4 A &B.

(2) Show that for each o € S, and each A C R", we have A € J(R") if and only if T,A € J(R"), in
which case v(A) = v(T,(A)).

Hint: Fubini’s theorem.

(3) More generally, using the change of variables formula in Theorem 2.19, show that for each
¢ € GL(n,R), and A C R", we have

Ae JR") < ¢(A) € TR"),
in which case v(¢(A)) = |det ¢|v(A).

(4) Show that for any linear ¢ : R® — R" and A € J(R"), we still have ¢(A) € J(R") and
v(p(A)) = |det p|v(A).

(5) Show that® € J (R") with v(0) = 0, but any unbounded subset of R cannot be Jordan measurable.

(6) Show that if A,B € J(R"), then v(A U B) < v(A) + v(B), with equality holding if and only if
A N Bis Jordan negligible.
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Give an example of a bounded set that is not Jordan measurable.

Hint: consider the characteristic function of rational numbers in a bounded open set.
Show that if A € J(R"), then Int(A), A € J (R") with

v(A) = v(Int(A)) = v(A).

Hint: Find, using the Riemann integrability, an increasing (resp. decreasing) sequence (g,) (resp.
(hp)) in Cc(R™) that converges pointwise to &e(a) (resp. &5).

Show that for any A € R”, we have A € J(R") if and only if A is bounded with its boundary 9A
being Jordan negligible.

Show that each bounded interval in R is Jordan measurable in R and compute its Jordan content.
Hint: for any |a,b[ with a,b € R and a < b, and for any ¢ > 0, find g,h € C.(R) such that
g<&apy<hand [((h—g) <e.

Show that every bounded rectangular open set in R” is Jordan measurable and compute its Jordan
content in terms of its side lengths.

Hint: let U = Jay, by [ X- - - X]ay, by [ be such a set. Choose g;, h; € C.(R) with 0 < g; < &j4,5,1 < hi
for each i. Show that the choice can be made so that IRn(h — g) is as small as we want, where

g(x) = 91(X1) e 'gn(xn) and h(x) = hi(x1) - - - hy(x5).

Show that A € R” is Jordan negligible if and only if for each ¢ > 0, there is a cover of A by finitely
many bounded rectangular open sets such that the sum of all of their Jordan contents does not
exceed e.

Show that finite unions and subsets of Jordan negligible sets remain Jordan negligible.
Show that countable unions of Jordan negligible sets need not be Jordan measurable.

Show that if A € J(R" ') and f : A — R is continuous, then the set
graph(f|,) = {(x,f(x)) eR" I xR =R" | X € A}

is Jordan negligible in R™.

Hint: explain why it suffices to treat the case where A is closed. Exploit the uniform continuity of
f, and cover graph(f) with finitely many small rectangular open sets.

Show that in R", all bounded closed balls and n-simplices are Jordan measurable. Here, the word
“n-simplices” is the plural form of “n-simplex”, which in turn is defined as a set of the form

n
A(vy,...,0,) = {Z t;0;

i=1

n
ZtiSL andeachtiZO}, v1,...,0, € R™
i=1

Hint: Consider the boundaries, induct on n, and show that in each case, the boundary is a finite
union of Jordan sets, which, up to permutation, are all graphs of continuous functions defined on
closed Jordan sets in R" 1.

Background: simplices are often considered as “higher-dimensional triangles”. To understand this

phrase, draw some simplices in dimension 2 and perhaps dimension 3.

Show that for each A € J(R"), we have

v(A) :JR---JRfA(xl,...,xn)dxl---dxn :J‘ J Ealxy, ..o, xp)dxy - - - doxy.

=R =R



(18) Give a formula for the Jordan content of an n-simplex.

(19) Show that for each A € J(R"), if f : R® — R is Riemann integrable, then so is £4 f. We define
f 4 f tobe IR,, &4f in the following.

(20) Suppose A € J(R"),and f : A — R is a function. We say f is Riemann integrable if f: R" - R
is Riemann integrable, where f (R*"\A) =0and flA = f. In this case, we define f 4 f tobe IR,, f
Let R(A) be the space of Riemann integrable functions from A to R. Show that

(20.a
(20.b
(20.c
(20.d

R(A) is a linear subspace of the vector space of all functions on A;
f.g € R(A) implies f V g, f A g € R(A);
f € R(A) implies f A 1 € R(A);

f 4 R(A) — Ris a positive linear functional.

o — =

(21) Given A,B,U,V € J (R") with U, V being open, U € A,V C B,and ¢ : A — B a C'-map that
restricts to a C!-diffeomorphism ¢|; : U — V onto V, show that if A\ U and B \ V are Jordan
negligible, and det ¢’ is bounded on A, then for each f € R(B), we have (f o ¢)|det¢’| € R(A)
and

[ r=] toodets

(22) Let n = 2. Apply the previous question to compute the Jordan content (aka. the area in classical
terms) of B(a,r) C R? with arbitrary a € R? and r € ]0, +oo].

Hint: use polar coordinates ¢(r, 8) = (r cos 0, r sin ).

(23) Consider the function f : R*? - R, (x,y) e~*'~¥". Show that for each r > 0, we have

r 5
J f= Zﬁj e sds = 1 (1 - e_rz) :
B(0,r) 0

(24) Forr > 0, set C(0,r) := {(x, y) € R? | NGl < r}. Show that
B(0,r) € C(0,r) C B(0,2r).
(25) Show that IR e~dt = V1.
Here the integral is understood as an improper Riemann integral.

Remark. Most of this exercise will be superseded by the more powerful theory of integration in the
next chapter. Nevertheless, by wrestling with Riemann theory as presented in this exercise, one will
appreciate much more the theory to be presented in the next chapter.

2.3 Riemann integration as a functional

2.3.1. Prove Proposition 3.1.

2.3.2. Assume n € N* in the following.
(1) Show that for each f € C.(R"), we have ff < I|f|
(2) Show that ||-||; : C.(R™) = R, f — flfl is a norm on C.(R").
(3) Show that fRn : (Cc(R™), [I-ll;) — R is continuous.

(4) Show that the normed space (C.(R"), ||-||;) is not complete.
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(5) Show that fRn : (Cc(R™), |Ill) — R is not continuous.

2.3.3. Show that if (f;,)m>1 is a monotone sequence in C.(R") whose pointwise limit { remains in

C.(R"), then lim,;, JR" fm = IR" f.
Hint: use Proposition 3.2.

2.3.4. A rigid motion on R” is defined to be a map ¢ : R” — R" that is distance-preserving in the
sense that ||¢(x) — ¢(y)|| = ||x — y|| (recall that ||-|| is the Euclidean norm) for all x,y € R".

(1) We first analyze the structure of rigid motions.

(1.a) Show that for all x, y € R”, we have the following polarization identity:

xoy = (e +yll* = llx - yl?) .

==

(1.b) Show that if a rigid motion ¥ : R” — R” fixes the origin 0, then it preserves the inner
product, i.e. for all x,y € R”, we have x - y = ¢/ (x) - ¥ (y).

(1.c) Show that a rigid motion i : R" — R" fixing the origin sends the standard basis ey, .. ., e,
of R" to an orthonormal basis, and ¢/(x) = X, x;¢/(e;) for each x = (x;) € R".

(1.d) Given a rigid motion ¢ : R”™ — R", show that there exist a unique xo € R" and a unique
A € O(n,R) (we denote by O(n,R) the group of orthogonal real matrices of order n), such
that ¢(x) = Ax + x, for each x € R”, where we view elements in R” as column vectors.

(2) Show that the set M(R") of all rigid motions on R" forms a group under composition. In particular,
rigid motions are bijective from R” to R”.

(3) Show that fR” : C.(R") — Ris invariant under the group of rigid motions, i.e. for each ¢ € M(R")
and each f € C.(R"), we have IR,I fop= J.]R" f.

Cultural background. We may put the above exercise in the much wider context of Riemannian
manifolds. Although we won’t elaborate on this in the course due to time constraints, we point out that a
Riemannian manifold M is just a manifold equipped with a good notion of metric (called the Riemannian
metric), so that we may talk about its isometry group G, which consists of distance-preserving bijections
on M. It is a remarkable theorem of Myers-Steenrod that this isometry group G is a Lie group if M
is connected. One may pick out a distinguished integral on the Riemannian manifold M, known as
integration with respect to the volume density. As a linear functional, this integral is G-invariant. The
above exercise can be regarded as the prototype example of this more general fact. As expected, the
G-invariance is most interesting if the natural action G ~ M is transitive, so that M possesses enough
symmetries, just as in the case outlined in the above exercise. Another interesting fact is the deep Nash
isometric embedding theorem, which asserts that any Riemannian manifold has a realization in some R"
not only as a smooth manifold, but also with a compatible metric at the infinitesimal level. To pursue the
continuous/smooth symmetries, the interested readers are encouraged to learn more about analysis on
manifolds, Lie groups and Riemannian geometry, for which our course can serve as a sound preparation.
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